
Boolean Algebra – Set 1

Appendix  C (on the text DVD)
C.1,2,3,5,6,7,8,9

Also – Computer Organization & 
Architecture – Null & Lobor notes
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Objectives

• Understand the relationship between Boolean 
logic and digital computer circuits.

• Learn how to design simple logic circuits.

• Understand how digital circuits work together 
to form complex computer systems.
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Introduction

• In the latter part of the nineteenth century, George 
Boole incensed philosophers and mathematicians 
alike when he suggested that logical thought could 
be represented through mathematical equations.
– How dare anyone suggest that human thought 

could be encapsulated and manipulated like an 
algebraic formula?

• Computers, as we know them today, are 
implementations of Boole‟s Laws of Thought.

• John Atanasoff and Claude Shannon were among the 
first to see this connection.
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Boolean Algebra

• Boolean algebra is a mathematical system for 
the manipulation of variables that can have 
one of two values.
– In formal logic, these values are “true” and “false.”
– In digital systems, these values are “on” and “off,” 

1 and 0, or “high” and “low.”

• Boolean expressions are created by 
performing operations on Boolean variables.

• Common Boolean operators include AND, OR, 
and NOT.
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Switching Circuit
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Switching Circuit

• There are 2 types of switching networks

– combinational
• no memory

• Output is only a function of the current input

– sequential
• Memory

• Output is a function of the current input and the 
current “state”

• State is the memory

• For this circuit, we want to know not only the output, 
but the next state
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Logical Completeness

• Any Boolean function can be represented as a 
combination of AND’s, OR’s, and NOT’s

– Thus, AND, OR, and NOT form what is termed a 
logically complete set

– Any other set of functions that can represent any 
Boolean function is also said to represent a 
logically complete set. – (more later)
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Functions of Two Variables

• How many combinations (functions) of two 
Boolean variables are there?

– Another way to think of this is how many 
combinations can there be of these two Boolean 
variables?

– 00, 01, 10, 11

– We can represent these possible combinations in 
what is termed a truth table
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Truth Table

• A Truth table is a tabular representation of a 
Boolean function

– It explicitly defines the value of the function for 
every combination of inputs

– The left side defines the inputs and the right side 
defines the output

– Any Boolean function can be represented with a 
truth table
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Truth Table

X Y | F(X,Y)

0 0 | 1

0 1 | 0

1 0 | 0

1 1 | 1

Note that the column for F(X,Y), i.e. 1,0,0,1 is one 
possible function. How many others are there
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Truth Tables and Functions

• From the previous slide the question was how 
many functions (columns) can we come up with 
for the 2 variables. 

• For 2 variables (X and Y) there are 4 combinations 
of inputs, i.e. 00, 01, 10,11. Or, in other words, 
for a n-bit (binary) input there are 2n

combinations of inputs.

• The output column in a truth table represents 
one set of outputs defining the function for all 
combinations of inputs 2n
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Truth Tables and Functions

• To answer the question of how many 
combinations or different functions of 2 variables 
there are, we can simply “turn” the output 
column and view it as a 4-bit binary value. 

• Now for a 4-bit value, how many combinations of 
values are there?

– 24 = 16

– The 4 comes from the fact that there are 4 rows in the 
truth table. Thus for n variables, there will be 2n rows.
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Truth Tables and Functions

• Let’s try to put this all together.

• For a truth table representing n binary or 
Boolean variables, there will be 2n rows in the 
truth table.

• Since the output column, i.e. the column for 
F(X1 , X2 , … Xn ), will be 2 rows in length, it 
becomes like a binary string of length 2 . 

• Thus, the number of possible Boolean 
functions of n variables is: n22
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Boolean Algebra

A Boolean operator can be completely 
described using a truth table.

The truth table for the Boolean 
operators AND andOR are shown at the 
right.

The AND operator is also known as a 
Boolean product. The OR operator is the 
Boolean sum.
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Boolean Algebra

•The truth table for the 
Boolean NOT operator is 
shown at the right.

•The NOT operation is most 
often designated by an 
overbar (Ā). It is sometimes 
indicated by a prime mark ( ‘ ) 
or an “elbow” (¬).
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Logical Completeness

• A logically complete set, is a set of Boolean 
operators from which a Boolean expression 
can be derived to represent any truth Table

• As noted earlier, any truth table can be 
represented by a Boolean function using only 
AND’s, OR’s, and NOT’s

• How can we determine if a set of Boolean 
functions is logically complete?
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Boolean Algebra

• A Boolean function has:

• 0 or more Boolean variables having values from the 

set {0,1},   and/or

• 0 or more instances of members of the set {0,1} 

and/or

• 0 or more instances of Boolean operators and

• It produces an output that is also a member of the 

set {0,1}.
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Boolean Algebra

• A Few Boolean functions:

– F(x,y) = 0

– F(x,y) = 1

– F(x,y)= x+y+x’

– K(x,y,z) = (x+y)(y+z’)(xyz)

– Etc.
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Boolean Algebra

• The truth table for the 
Boolean function:

is shown at the right.

• To make evaluation of 
the Boolean function 
easier, the truth table 
contains extra (shaded) 
columns to hold 
evaluations of subparts 
of the function.
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Boolean Algebra

• As with common 
arithmetic, Boolean 
operations have rules 
of precedence.

• The NOT operator has 
highest priority, 
followed by AND and
then OR.

• This is how we chose 
the (shaded) function 
subparts in our table. 
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Boolean Algebra ė Arithmetic

• Boolean Algebra is based on 0’s and 1’s while 
the arithmetic we are used to is based (in 
general) on a decimal system

• What we need to be able to do is establish 
some sort of translation or relationship 
between our decimal system and the number 
system of Boolean Algebra
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Binary System

• The decimal number system that we are used 
to is a base or radix 10 system. For short, we 
just call it a decimal system.

• A radix n system is one in which the individual 
digit values run from 0 to n-1.

– Hence the decimal or radix 10 system has digit 
values of 0 to 9.
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Binary System

• We can have any radix or base system we 
want.

– Base 8 has what digit values?  0-7

– Base 3 has what digit values?  0-2

– Base 2 or binary has what digit values? 0,1
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Positional Notation

• The decimal system that we use is such that 
the value of a digit is constant and its position 
relative to the radix point is multiplied by the 
radix to a power.

• Can you think of a non-positional system?
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Positional Notation

• In general terms, a number radix r is generally 
thought of as having the following format

25

...... r * d r * d r * d... r * d  r * d

as  viewedbemay Which 

....dd.d...ddd

as formsubscript in  written are esdigit valu r theradix For 

2-

2-

1-

1-

0

0

2-n

2-n

1-n

1-n

3-2-1-02-n1-n

+++++



Boolean Algebra

• Boolean Algebra allows one to manipulate 
string’s of 1’s and 0’s

• The binary system is defined in terms of digit 
values of 1’s and 0’s

• Every binary number has an equivalent 
decimal value

• 100112=1910
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Boolean Algebra

• What this means is that if we have a binary 
system (all digital systems are binary), we can 
use Boolean Algebra as the basis for our 
algebra of operations.

• This is the basis on which digital computers 
are developed.

• Digital circuits are actually hardware 
implementations of Boolean functions
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Boolean Algebra

• While we have talked about Boolean Algebra, 
we really haven’t done much to define it.

• So far, all we have for Boolean functions are 
AND, OR, and NOT

• The next few slides define the basic identities 
and laws of Boolean Algebra
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Boolean Algebra
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Boolean Algebra
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Boolean Algebra
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DeMorgan’s Law

• There is an easy way to remember 
DeMorgan’s law:

• Given F(x,y,…), to find F’(x,y,…) simply 
complement every variable and constant, and 
change AND’s to OR’s and OR’s to AND’s
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DeMorgan’s Law

• F(x)=x*1       thus   F’(x)= x’ + 0 = x’

• F(x,y,z) = xy+x’(y+z)+yz(x + z’)

• Let’s do this in stages. We can re-write F() as

• F()=A+B+C  where A=xy, B=x’(y+z), and 
C=yz(x+z’)

• Thus F’()=A’B’C’
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DeMorgan’s Law

• F(x,y,z) = xy+x’(y+z)+yz(x + z’)

• Let’s do this in stages. We can re-write F() as

• F()=A+B+C  where A=xy, B=x’(y+z), and 
C=yz(x+z’)

• Thus F’()=A’B’C’ or (xy)’(x’(y+z))’(yz(x+z’))’

• F’()=(x’ + y’)(x+y’z’)(y’+z’+x’z)

34



Applying the Laws

35

• A Boolean expression is a more compact form 
for representing a Boolean function

• Remember, a truth table is also a form for 
representing a Boolean function.

• By applying the laws of Boolean algebra to a 
Boolean function, one can sometimes derive a 
simpler Boolean function



Principle of Duality

• The principle of duality is very much like 
DeMorgan’s theorem. 

• Given a Boolean function, it’s dual is found by 
changing OR’s to AND’s and AND’s to OR’s and 
complementing 0/1’s

• Note that the variables are not 
complemented. That’s the only difference.
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Principle of Duality

• X = x*1      The dual is X = x+0

• xy+yz = y(x+z)   The dual is (x+y)(y+z) = y + xz
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Important Note

• For both DeMorgan’s Theorem and the 
Principle of duality, only the Boolean 
operators AND, OR, and NOT are allowed.
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Applying the Laws
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• Consider the following Boolean function

F(x,y,z) = x’(x+y)+xy
Now we can have:
F(x,y,z)=x’x+x’y+xy (Distribution Law)
F(x,y,z)=0+x’y+xy      (Inverse Law)
F(x,y,z)=y(x’+x)          (Distribution Law)
F(x,y,z)=x(1) (Inverse Law)
F(x,y,z)=x (Identity Law)



Why Simplify?

• Ultimately we want to use Boolean Algebra to 
define the digital circuits that we will use to 
build a computer.

• The simpler the circuit the cheaper it is to 
build and the faster it will run

• Simplicity => reduced cost and increased 
speed
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Truth Table to Boolean Expression

• As noted earlier, any Boolean expression can 
be represented by a truth table and vice versa. 
Thus, the question arises, how can one 
translate from one form to the other.
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Sum of Products

• The sum of products form of a Boolean 
expression is a sum (OR) of product terms

• The canonical sum of products form of a 
Boolean expression is a sum (OR) of product 
terms in which each product term has every 
variable occurring in its complemented or 
uncomplemented form exactly once
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Sum of Products

Label the following functions as SOP, canonical 
SOP or neither  (assume the function is 
F(x,y,z))

a.) x’y+ y + z        b.) x’y’z’+xyz

c.) xy+xy+xyz+x(y+z)

d.) 1+x

e.) x(xy + z)
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Truth Table to Canonical SOP

x  y  x  |  F(x,y,z)

0  0  0  |   0

0  0  1  |   1

0  1  0  |   1

0  1  1  |   0

1  0  0  |   0

1  0  1  |   1

1  1  0  |   0

1  1  1  |   1

What we need is a product term for each row in the truth table 
that is a one only for that combination of values for x,y,z
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Truth Table to Canonical SOP

x  y  x  |  F(x,y,z)

0  0  0  |   0

0  0  1  |   1

0  1  0  |   1

0  1  1  |   0

1  0  0  |   0

1  0  1  |   1

1  1  0  |   0

1  1  1  |   1

Consider the row 001, i.e. x=0, y=0, and z=1. The product term 
x’y’z is a 1 for only that combination of values, i.e. 
(x,y,z)=(0,0,1)
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Truth Table to Canonical SOP

x  y  x  |  F(x,y,z)

0  0  0  |   0

0  0  1  |   1

0  1  0  |   1

0  1  1  |   0

1  0  0  |   0

1  0  1  |   1

1  1  0  |   0

1  1  1  |   1

We now have a way to form the SOP Boolean expression for a 
truth table. For this truth table, the SOP expression is

x’y’z + x’yz’ + xy’z + xyz
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Truth Table to Canonical SOP

x’y’z + x’yz’ + xy’z + xyz

We can keep the given Boolean expression is SOP but not 
canonical by using the laws of Boolean Algebra to simplify

x’y’z + x’yz’ + xy’z + xyz = x’y’z + xy’z + x’yz’+xyz + xy’z

=y’z(x’+x)+x’yz’ + xz(y+y’)

= y’z + x’yz’ + xz

The preceding is still in SOP form. It’s just not canonical.
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Product of Sums

• The product of sums form of a Boolean 
expression is a product (AND) of sum terms

• The canonical product of sums form of a 
Boolean expression is a product (AND) of sum 
terms in which each sum term has every 
variable occurring in its complemented or 
uncomplemented form exactly once
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Product of Sums

Label the following functions as POS, canonical 
POS or neither  (assume the function is 
F(x,y,z))

a.) x’y+ y + z        b.) (x’+y’)(x+y)

c.) xy+xy+xyz+x(y+z)

d.) 1+x

e.) x(xy + z)
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Truth Table to Canonical POS

x  y  x  |  F(x,y,z)

0  0  0  |   0

0  0  1  |   1

0  1  0  |   1

0  1  1  |   0

1  0  0  |   0

1  0  1  |   1

1  1  0  |   0

1  1  1  |   1

What we need is a sum term for each row in the truth table that 
is a 0 only for that combination of values for x,y,z
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Truth Table to Canonical POS

x  y  x  |  F(x,y,z)

0  0  0  |   0

0  0  1  |   1

0  1  0  |   1

0  1  1  |   0

1  0  0  |   0

1  0  1  |   1

1  1  0  |   0

1  1  1  |   1

Consider the row 000, i.e. x=0, y=0, and z=0. The sum term x+y+z
is a 0 for only that combination of values, i.e. (x,y,z)=(0,0,0)
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Truth Table to Canonical SOP

x  y  x  |  F(x,y,z)

0  0  0  |   0

0  0  1  |   1

0  1  0  |   1

0  1  1  |   0

1  0  0  |   0

1  0  1  |   1

1  1  0  |   0

1  1  1  |   1

We now have a way to form the POS Boolean expression for a 
truth table. For this truth table, the POS expression is

(x+y+z)(x+y’+z’)(x’+y+z)(x’+y’+z)
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Canonical SOP vs Canonical POS

• What is the relation between the canonical SOP and the 
canonical POS?

• Note that SOP maps the 1’s of the truth table and POS maps 
the 0’s. However, in order for our work to be correct, we must 
have SOP=POS

• That means, from the preceding we want:

• SOP                         =                    POS

(x’y’z + x’yz’ + xy’z + xyz)’ = (x+y+z)(x+y’+z’)(x’+y+z)(x’+y’+z)

How can we show this to be true?

Boolean Algebra can do it

Or – if the truth tables are the same, the functions are the 
same
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SOP, POS, and Complements

• There are several ways to build a Boolean 
(digital) circuit.

– Implement it in SOP form

– Implement it in POS form

– Implement it in minimized SOP/POS form

– Implement the complement and invert the output 
(remember DeMorgan’s theorem)

54



Logical Equivalence and Logical 
Completeness

• Two function are logically equivalent if their truth 
tables are identical or if by applying the laws of 
Boolean Algebra to them we can convert one into 
the other.

• A set of functions is logically complete if we can 
implement any Boolean function (truth table) 
using only those functions
– Since we know AND, OR, and NOT are logically 

complete, then another way to prove logical 
completeness of a set is to implement AND, OR, NOT
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Logical Completeness

• Does the set AND, Not form a logically 
complete set?

– Since we already have an AND and a NOT in the 
set, we only have to show that we can form an OR 
from this set.

• Remembering DeMorgan’s theorem we have

(A^B)’ = A’+B’   thus

(A’^B’)’ = A+B

where ^ denotes AND
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Logic Gates

• Boolean Algebra is abstract. In order to move 
into the digital world, we need something in 
hardware that is the equivalent of these 
operators. 
– By proper combining and wiring of a set of 

transistors, one can implement the equivalent of 
AND’s, OR’s, NOT’s etc.

– At this level, such devices accept one or more 
inputs (electrical voltages, currents, etc.) and 
produce a result equivalent to a Boolean 
operators.
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Logic/Digital Gates
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Other Common Gates
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Other Common Gates
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NAND and NOR

• The NAND and NOR are sometimes called 
universal gate.

– Inexpensive to manufacture 

– Logically complete.
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NAND and NOR
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Logic Gates

• While most of what we have dealt with have 
been two-input gates (one input always for 
the NOT) you can have more inputs and even 
more than one output

• Fan-in  => number of input allowed

• Fan-out => number of outputs allowed
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Multi-Level Logic Circuits

• The number of levels in a circuit is the 
maximum number of gates from input to 
output. The following is a 3-level circuit.
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