Data Representation — Chapter 2



Notes

Because of time, we will deviate from the
Syllabus and skip the following segments (the
notes still contain them)

— Hamming Codes

— CRC - Cyclic Redundancy Check



Topics

Data representation

— Number systems
* Hex/binary/decimal
e Positional vs non-positional
* Conversions
* Integer/fraction parts
* Signed, unsigned, complement arithmetic
* Qverflow (integer add & subtract)

— Character codes
* Weighted Codes & Unweighted Codes
e ASCII
* Extended (16-bit) codes - Unicode
* Char & string in high level languages



Topics

— Contents of memory vs address of memory
— Notation

— Floating point
* |EEE single and double

— range
— accuracy
— errors

— Overflow
* Integer multiply
* Floating point +, -, *, -



Topics

— Errors in information representation
* Error Detection and Correction
* Parity checking
* Hamming Distance
* Checksums
* CRC
* Hamming Codes
* Error propagation in floating point
* Compression
* Huffman coding



Number System Everything is Base 2

e Early digital systems used decimal for both
internal and external representations

— Generally done in BCD
* Binary Coded Decimal
* 4 bits for each digit

* |In very early systems everything was integer, just scaled
for fractions

— Required no conversion from what we are used to

— No information loss in going from decimal to some
internal representation



Number System Everything is Base 2

* |t is much easier and more economical to
build two-state or binary devices, as
compared to say a decimal device

— Current systems use binary for internal
representations

— Requires a conversion from outside (decimal) to
internal (binary) representation and vice versa.

— May also cause errors in the conversion
* Not all decimal values are representable as binary



Number Systems & Conversions

* Because signals are binary, numeric
information is represented in binary
positional format

e Positional format/notation

— The value of a digit is determined not only by
the actual digit, but by its position in the string

— Consider 7 vs 70 vs 700

e Can you think of a form that is not
positional?



Positional Notation & Conversion

Notation:

unless otherwise noted, a number will be
assumed to be in decimal

To represent numbers in other forms, we
will use subscript notation

210.1, means base 3
What does the value 725.64,, actually mean?
7x10% +2x10! +5x10° + 6x101 +4x1072



Number Systems

* While computers internally represent
numbers using positional binary format,
such information is often represented
externally in more compact positional
forms such as
— base 4
— base 8 (octal)

— base 16 (hexadecimal)
— Base 10 (decimal)

* |n truth, any representation scheme or base
Is possible



Why more than one base?

* Does base 3 have an advantage over base 107

— Certain values (fractional) in base 3 can be
represented exactly and not so in say base 10

— How would one represent 1/3 base 3 vs base 10?

—1/3=0.1 base 3 0r0.33333333.... Base 10



Why more than one base?

e Larger bases or radices, can more compactly
represent values

e 100 base 10 = 64 base 16

* Note:

— The integer part of any number can be
represented exactly as an integer in any other
base



Conversion Between Bases

* The process of converting between bases is
very algorithmic, but requires than one
work in multiple bases.

e The idea of base conversion can be stated
as:

— given a number A base n convert it to its base g
equivalent, i.e find B

A, = B,



Conversion Between Bases

 We will only do conversions for numbers in
positional form.

* |[n a conversion between integers or whole
numbers we know:

kAt-1 *Rnt-2 ¥ 10
a,.*ntt+a *nt2 . +a,*n

— bs_l*qs-l + bs_z*qs-zu + bo*qO

 What’s an integer? What’s q°



Conversion Between Bases

* From the preceding, what happens if we divide the
right side by q?

bs—lbs-Z"'bO/q — :(bs-l*qS-1+bs-2*qs-z"'bo*qo)/q
=b ¥ +b,,* g7 .. +bgT + by g

 Whatis boqo'1 ?



Conversion Between Bases

+ Whatis b,q”*?

* If you recall the way you first learned to do integer
division, the value [y, g** represented the
remainder

 The remainder will also be the fractional, or part to
the right of the decimal (radix) point in the division



Conversion Between Bases

 What would have happened if instead of

dividing B by g we had divided A (the number
in the original base) by g?

— The rules of arithmetic say we must again get a
guotient and a remainder. While they may be in
different bases, the quotient for A/g must equal

the quotient for B/b, and the remainders must
likewise be equal.



Conversion Between Bases

* |tisimportant to note that the remainder we have
arrived ath,g”* also represents b, the least
significant digit of the base g equivalent.

 What happens if we next divide the quotient by the
base g?
— We get another quotient and remainder.

— This new remainder is the next digit value, i.e. b,



EXAMPLEConvert 53, to its binary (base 2) equivalent,
l.e. q=2

53/ 2 =26, remainderl
26/2=13,remainderO
13/2=6,remainderl

6/2=3,remainder0

3/2=1,remaindern

1/2=0,remaindenl

At thispoint wearedone,andwethushave
53,=110101



Test Yourself

* Convert
— 16,, toits binary equivalent
— 29,, toits binary equivalent
—-42,, to its binary equivalent
— 121, toits binary equivalent



Test Yourself

* Convert
— 16,, to its binary equivalent = 10000
— 29,, toits binary equivalent =11101
—-42,, to its binary equivalent =-101010
— 121, toits binary equivalent =
¢ 121,=1*32+2*31+1*3%=16,, = 10000,



Conversion Between Bases

* The previous slide had a conversion of base
3 to base 2. We “cheated” and first
converted it to base 10 then did the
divisions.

* |sthere another way?



Conversion Between Bases

* |sthere another way?

* Answeris—yes—We
could simply do the
successive divisions of
the base three value by
2. BUT we would have
to do it base 3.

2)121,
2)22, remainder0

2)11, remainderO

2)2,  remainder0

2)1,  remainder0
0

remainderl



Conversion Between Bases — (Integer
Part) Algorithm

* To convert a number A in base Xto its
equivalent (call it B) in base Y
— 1. Q=A, n=0

— 2. Divide Q by Y giving a quotient Q and
remainder R. The division must be done base
X.

— 3. Ris the value for digit n (n=0 is the least
significant digit)

— 4. 1f Q=0 STOP; otherwise, n=n+1, go to step 2



Test Yourself

* Using the just described algorithm, convert
46, to its base 5 equivalent



Test Yourself

* Using the just described algorithm, convert
46, to its base 5 equivalent

* Then
46, /5, = 7,remainder3
7,15, =1, remainder2
2. /5, =0, remainder2

Thus46, = 223



Conversion Between Bases

* This algorithm will work for conversion
(integer part) between any two bases.
However — if the start base is not base 10,
we will likely make arithmetic mistakes in
the division.

* For conversion base n <>10 to some other
base, first convert the number to its base
10 equivalent using the positional format,
and then do the conversion by successive
divisions.



Conversion Between Bases

 What about conversions to base 10, e.g.
base 2 to base 10?

— Again we could do the successive divisions of
the base 2 number by 10 (in base 2 it’s 1010)

— It is easier to use positional form and just do
the arithmetic



Conversion Between Bases

 Convert 101101 to its base 10 equivalent

— Use successive divisions
— Use positional form



Conversion Between Bases

* There are other somewhat commonly used
bases in digital systems, i.e. 8 and 16 ( we
will throw in base 4 for good measure)

— What are the legal digit values for a base n
number?

* How do bases 2, 4, 8, and 16 relate?
 What are the digit values for base 16?



Conversion Between Bases

Base 2 => 21
Base 4 => 27
Base 8 => 23
Base 16 => 24



Conversion Between Bases

* Convert 1011010, to it base 4 equivalent
10001011010

)1011  remainder=010= 2,

)1 remainder=011=3,

remainder=1=1

Thus101101Q =132,



Conversion Between Bases

* Note from the preceding that the

remainder of each division is just the last 3
digits (bits) of the number, except when
there are fewer than 3 bits, in which case
the result is just the value.

 The same will hold true for any of these
conversions in which the bases are an
integer power of one another




You try

e Convert as noted

1011 =2,
321, =7,
11001101="2,
7450, =72,



Conversion Between Bases

* For bases, 2, 4, and 8, the digit values are
obvious.

e What about for base 16?



Conversion Between Bases

* For bases, 2, 4, and 8, the digit values are
obvious.
 What about for base 167?
 0,1,2,3,4,5,6,7,89,A,B,C,D,E,F
— A=10
— B=11
— C=12
— D=13
— E=14
— F=15



Conversion Between Bases

* Perform the following conversions

Base 2 Base 4 Base 8 Base 16
Octal Hexadecimal
1011010
3210
7652
AC32




Conversion Between Bases — Fraction
Part

* The fraction part is the digits to the right of
the radix point?
. 0.25,,=0.01,



Fraction part

* Let’s look again at the numbers in positional
form

* Convert A base ntoBbasem
— Assume A is t digits and the equivalent B is s digits

.Q435......dy and  b,b,...b,

- S

a,n*+a,n’+. . .+an‘=bm'+b m?+..+b_m



Fraction part

* Important concept

* |f we have a number A base n and its
equivalent B base m, we also know that the

integer part of A must equal the integer part
of B and the fraction part of A must equal the

fraction part of B, e.g.
if 6.75,,=110.11,
then 6,,=110, and.75,,=.11,




Fraction part

 What happens if we multiply both sides of the
expression by m

m@a,,n‘+a,n?+.+a,n)=mb,m*+b,m?+..+b_m?)

m@a N’ +a N+ ta,nt) =b,m +b,m T+ b m)

* From the previous slide, note that b_,m%is an
integer and it is equal to the integer part of
mA.



Fraction part

 What the preceding tells us is that

— (as we have shown) conversion of the integer part
of a base A number X.Y to a base B number R.S is
done by successive division (base A) of the integer
part by the value B

— conversion of the fraction part of a base A number
X.Y to a base B number R.S is done by successive
multiplication (base A) of the fraction part by the
value B



Fraction Part

* Let’s say we want to convert 0.125,, to its
pase 2 equivalent

* Using the process of successive multiplications
we get
0.125* 2=0.25

0.25°2=0.5
0.52=1.0
Thus 0.125,,=0.001,



Fraction Part

e Let’s try
* 0.703125,,="7,



Fraction Part

* 0.703125,,=?,

0.703125 2=1.40625
0.40625 2=0.8125
0.8125 2=1.625
0.625*2=1.25

0.25*2=05

0.5*2=1.0
Thus0.703125,=0.10110]



Negative Integers

e We can convert from Base N to Base M.

* |n digital systems, since it’s all stored in binary,
the conversions for integers are always Base N
to binary.

* One thing we have not talked about is how do
we convert negative integers?

— Or — what about the sign?



Negative Integers

* For negatives, there are two choices
— Sign Magnitude (n-bit scheme)

* If the left most bit is a 1 the number is negative;
otherwise, it is a 0 and the number is positive

* The remaining (n-1) bits represent the magnitude

— Complement

e Radix or radix-1 complement



Negative Integers

 What is the complement, radix complement,
or radix-1 complement of a number?

— In order to understand the complement of a
number, you need to recognize that when dealing
with integers in a computer, there are only a fixed
number of bits for an integer. In other words, if we
have a 32-bit word, it means that we have a fixed
length for numbers, in this case, 32 bits.



Fixed Word Length

* When one is dealing with a fixed word length,
one has what is called a modulus number
system.

— Let’s look at a decimal system in which we have 3
digits. The largest value (ignoring anything about
negatives) is 999.

— What happens if we add 1 to 9997

* Since the number of digits is fixed at 4, 1+999 becomes
000 not 1000.



Fixed Word Length

From the preceding, let’s say we want to
compute 543-27

Everyone knows that 543 —27 =516
Is there another way to represent 543-277

The answer, because we have a modulus (fixed
length) system is yes, we can also compute
435-27 as 543+973=516 (modulus 1000)



Fixed Word Length

973 is called the complement of 27.

In a given base or radix, there are two versions
of the complement — radix complement and
radix-1 complement.

So for

— base 10 there is a 9 and a 10’s complement
— Base 2 thereisa 1 and a 2’s complement

What we actually used in the preceding
example was the 10’s complement



Complement — Why?

* While not as critical today as years ago, in
general, it is better to use less hardware than
more.

 With a complement approach to negative
values, it means that one does not need
hardware to perform a subtraction and an
addition. One can do subtractions by additions



Subtraction by Addition — But!

* One question that may come to your mind is
my statement about subtraction being
performed as the addition of the complement.

— How does one compute the complement?

* |t looks like it takes a subtraction, so where’s the
savings

10’s complement of 755 = 1000-755=245
9’s complement of 755 = 999-755 = 244



Subtraction by Addition — But!

* The problem is that we are looking at
complements in the decimal system, let’s look

at complements in the binary system, i.e. 1's
and 2’s complements

1’s complement of 0101 =1111-0101 =1010
2’s complement of 0101 = 10000 — 0101 = 1011



Subtraction by Addition — But!

* While they both involve a subtraction, note
that the 1’s complement of 0101 can also be
determined by simply complementing every
bit
— Complement of a bit is simply changingaltoa0

oraOtoal.

1’s complement of 0101 =>1111-0101 = 1010
1’s complement of 0101 => complement of (0101) = 1010



Subtraction by Addition — But!

 The 2’s complement is a little more tricky, but look at
the following

2’s complement of 0101 = 10000 - 0101 = 1011
=(1+1111)-0101
=1111-0101 +1

Note that 1111-0101 is the 1’s complement of 0101.

Thus we can compute the 2's complement as the 1’s
complement plus 1.



Complement

* Like sign magnitude, in a complement system,
one bit (the left most) designates the sign, and
the remaining bits designhate the magnitude
(for positive) or the complement of the
magnitude (for negatives).



2’s Complement system 1’s Complement system

Binary value Decimal Equivalent Binary value Decimal Equivalent
0000 0 0000 0
0001 1 0001 1
0010 2 0010 2
0011 3 0011 3
0100 4 0100 4
0101 5 0101 5
0110 6 0110 6
0111 7 0111 7
1000 -8 1000 -7
1001 -7 1001 -6
1010 -6 1010 -5
1011 -5 1011 -4
1100 -4 1100 -3
1101 -3 1101 -2
1110 -2 1110 -1

1111 -1 1111 -0



1’s vs 2’s complement

e 2’s complement
— There’s only 1 zero 0000

— The range of values is -8 to +7, or in general

e -2"1t0 2™ -1 where nis the number of bits including the
sign bit

* 1's complement

— There are two 0’s 0000 and 1111

— The range of values is -7 to +7 (remember the extra 0)
or in general

¢ -(2"1-1)to 2"1-1 where nis the number of bits including
the sign bit



1’s vs 2’s complement

* |f you were a computer manufacturer, which
of the two schemes would you use and why?



Test Yourself

Compute the 2's complement of 011010

n a 7-bit 2’s complement system, how will -25
e represented?

n a 5-bit 2’s complement system, how will -28
e represented?

Compute the 1's complement of 101101

In a 4-bit 2's complement system, how will 4,,
be represented?



Overflow (Integer)

* When dealing with fixed length integers, any
arithmetic operation that involves +, -, or *
can cause overflow.

— Why did we not include / (division) among those
that can cause overflow?

* Except in case where denominator (divisor) is =0, no
overflow can occur. When divisor =0, division is
undefined

— We will consider * (multiplication later)



Overflow (Integer)

 We are performing complement arithmetic so
+ has a 0 for the sign and — has a 1 for the sign

— If add a + and — cannot get overflow

— If subtract numbers of the same sign cannot get
overflow

— If add numbers of same sign or subtract numbers
of differing signs (remember sign of subtractor is
changed so if they start out with different signs,
subtraction will make them the same sign) can get
overflow



Overflow (Integer)

* Since subtraction is done by addition, we only
need to consider addition of numbers of the
same sign for possible overflow.

— In either 1’s or 2’s complement, if the sign of the
result differs from that of the original two
numbers, overflow has occurred.

— E.g 2’s complement

11001 (-7) 01001 (9)

+11011 (-5) 01011 (11)
00100 (4) 10100 (-12)




Other Binary Codes

* Binary codes to represent decimal digits

— because 10 (base 10) is not an integer power of
binary (base 2), the fractional part in a
conversion from base 10 to base 2 may not be
exactly representable.

¢« 7.5,,=111.1,
¢ 7.2,,=111.0011......,

— This may present problems such as in the
storage of dollar amounts.

— To address this issue, specialized codes have
been developed to exactly represent decimal
values



Other Binary Codes

 These decimal digit equivalent codes fall into two
categories
— weighted codes
— unweighted codes

A weighted code has the property that if the
binary digit weights (for a 4-digit value) are w,,
W, , Wy, W, , then the code/value a,a,a;a, has
the decimal equivalent value

N =a,w; + a,w, + a;w; + a,w,



Weighted Codes

* The most common weighted code is the 8-4-2-
1 (weights) or BCD code — Used for exact
decimal representation

27,,=0010 0111

* 6-3-1-1 and Excess-3 are also weighted codes
27,,=0011 1001 (6-3-1-1)
27,,=0010 0111 (Excess-3 = BCD + 3)

Note that in 6-3-1-1 there is an ambiguity, e.g. 1001
and 1010 both can represent 7



Unweighted Codes

 Unweighted codes are ones for which no simple
algorithm can be given to convert between the
decimal value and the corresponding code. In
this case one must use a table look-up

e 2-out-of-5 code
— exactly 2 out of 5 bits are one for each digit value
— Good error detection capabilities

* Gray Code

— adjacent values differ by only one bit change, i.e.
Hamming distance between all adjacent values = 1



Unweighted Codes

e 2-out-of-5  Gray Code
0 00011 0 0000
1 00101 1 0001
2 00110 2 0011
3 01001 3 0010
4 01010 4 0110
5 01100 5 1110
6 10001 6 1010
7 10010 7 1011
8 10100 8 1001
9 11000 9 1000



Table 1-2. Binary Codes for Decimal Digits

Decimal 8(—;(1)—5(—31 6-3-1-1 Excess-3 2-out-of-5 Gray
Digit (BCD) Code Code Code Code

0 0000 0000 0011 00011 0000

1 0001 0001 0100 00101 0001

2 0010 0011 0101 00110 0011

3 0011 0100 0110 01001 0010

4 0100 0101 0111 01010 0110

) 0101 0111 1000 01100 1110

6 0110 1000 1001 10001 1010

7 0111 1001 1010 10010 1011

8 1000 1011 1011 10100 1001

9 1001 1100 1100 11000 1000




Problems - Examples

* |sit possible to construct a 5-3-1-1
weighted code?

e Construct a 6-2-2-1 weighted code, then
determine what value 1001 0110
represents.

* Convert to Hexadecimal then give the
Hexadecimal code for the resulting
hexadecimal number (include the code for
the hex point)

—37.36



Codes for Non-numeric Information

* |n addition to simply storing numbers,
computers are also used to store non-
numeric information

— Text information

— Machine codes

— Floating point numbers
— etc.



Codes for Non-numeric Information

The most common text or alpha-numeric code is
the ASCII code -American Standard Code for
Information Interchange

This is a 7-bit code

How many characters can one represent with such
a code?

When one types the letter “a” at the keyboard, it is
translated into a binary formatted ASCII code
sequence (generally 8 bits, with the 8t bit always a
0)



ASCII Codes for Non-numeric
Information

space = 0100000, =32,

Z =1011010, = 90,
[=1011011, = 91,,

a =1100001, =97, ....... etc.



Unicode

* The ASCII code was developed for the Latin

alphabet — A-Z, etc. It does not handle other
languages

* Unicode is becoming the standard for a richer
alphabet

— Downward compatible with ASCI|
— 16 bits = 64K characters

— It can be extended



Char & String in High Level Languages

* |In high level languages, data memory is
viewed simply as a series of locations. What is
stored in a location is determined by the type
of the variable that references a location.

Inta,b; // 4 bytes each (32-bits for a and for b)

Char x; // single byte ASCII

String A; // variable number of ASCII characters. End-
// of-string denoted by a null (decimal =0)
// character



Memory — Address vs Contents

 What we have been talking about so far is the
contents of a memory location

 Memory locations in a computer (we usually
think of them as the location referenced by a

variable) are generally some number of bytes
in length

— 1 byte = 8 bits
— 32 bit word = 4 bytes
— 64 bit word = 8 bytes



Memory — Address vs Contents

 The contents of a memory location is always
just a string of bits.

 What gives a memory location importance is
how we interpret those bits, e.g.

— ASCII characters
— An Integer

— A floating point
— Etc.



Memory — Address vs Contents

* There are three elements that describe/define
a memory location
— Type, e.g integer, floating point, char, ...
— Address., i.e. specifically where it is in memory

— Name, i.e. generally some character string which
in a high level language we refer to as a variable
name — “MyCount”



Memory — Address vs Contents

* The address of a memory location is always an
integer, i.e. a binary string
— Generally an address is one word in length

— For a 32-bit word, we can address 232 or
4,294,967,296 locations = 4G



Notation

* Like any field, computers have a notation
(units) and several acronyms. We will present
a few

* Since everything in the computer is ultimately
base 2, much is given grouped according to
powers of 2



Powers of 10
103 = 1K
106=1M
10° = 1G
1012=1T
101°=1P
103=1m
106=1p
10°=1n
10-12=1p
10 1>=1f

Kilo
Mega
Giga
Tera
Peta
milli
micro
nano
pico
femto

Powers of 2

210=1 024 Kilo
220=1,048,576 Mega
230 = 1 073,741,824 Giga
240=1 Tera

10°9=109,951,162,778
Peta

210=1m milli
2-20=1p, micro
230=1n nano
240=1p pico

2-°0=1f femto



Notation

e There can be some confusion in the use of this
notation.

— 1ms = 103 seconds of 1/1024 seconds

* There is no fixed rule, but in general, when
talking about memory size, one uses powers
of 2, and when talking otherwise one uses
powers of ten.



Notation

e Thus

— if we are talking about 1GB of memory, we are
talking about 23° bytes of memory.

— If we are talking about a 1 terra-flop computer, we
mean a computer that can perform 103° floating
point operations per second.



Floating Point

* There used to be several different floating

point formats, but now, in general there is
only IEEE754 format 32-bit (single

precision) and 64-bit (double precision)



IEEE 754 Floating Point

* Floating Point => Scientific Notation

 With an integer, we know where the radix
point goes, i.e. to the right of the right most
or least significant digit

 With a number with a fraction part, where
should the radix point go?

— It has to be fixed

— We can fix the location of the radix point using
scientific notation

75=75X10 =75X10 = 75X10*



IEEE 754 Floating Point

* While not done exactly this way, one can
visualize the process (convert from decimal
to binary floating point) as follows:

* We will use 27.65,, as our example

1. 27.65,,=11011.1010011.....

2. We have 3 choices for the placement of
the radix point

1. To the right of the right most non-zero
2. To the left of the left most non-zero

3. Some place internal relative to the left or
right-most non-zero



IEEE 754 Floating Point

1. To the right of the right most non-zero

1. For a repeating fraction part, what will be the
right-most non-zero?
1. There is none since it goes on forever

2. To the left of the left most non-zero
1. This would work

3. Some place internal relative to the left or
right-most non-zero

1. Since the left-most non-zero is always a 1 (it’s a
binary number), we can save a bit but putting the
radix point to the right of the left most non-zero



IEEE 754 Floating Point

* Using the third approach we have
27.65,,=11011.1010011...
=1.10111010011... X 24

The nice part of the preceding is that since we
know the left most bit is always a 1, we don’t
need to store it.



IEEE 754 Floating Point

* Using the third approach we have
27.65,,=1.10111010011... X 24

What are the parts of the preceding floating
point number?
— Fraction part f=.1011101011...
— Exponent 4 (the 2 is understood)
— Sign +



IEEE 754 Floating Point

* So, for any floating point scheme, we need:
— Some number of bits for the fraction
— Some number of bits for the exponent
— Some number of bits for the sign
* Obviously, since there are only 2 choices for
the sign, we only need one bit for the sign, but

what about the choices for the fraction and
the exponent?

— What are the trade-offs?




IEEE 754 Floating Point

* Since we have only a fixed word length,
increasing the fraction bits means a decrease
in the exponent bits, and vice versa

— More fraction bits = more digits of accuracy
— More exponent bits = more range



IEEE 754 Floating Point

e There is one more not so obvious issue for
floating point —

— What about the sign of the exponent?

* The exponent’s sign complicates things. In
IEEE, rather than using say a complement or
sign magnitude scheme, they use an excess
127 scheme. There are 8 bits for the exponent

(exp), which actually represents the exponent
+ 127



IEEE 754 exponent

e Let’s say the 8-bit exponent is
exp =1011011,=91,,

To find the real decimal equivalent you must
subtract 127 thus if

exp = 1011011, the true exponent is
91-127=-36



|IEEE /54 Format Parameters

Parameter

word width (bits)
exponent width (bits)
exponent bias
maximum exponent
minimum exponent
~number range
significandwidth
normalized significant
number of exponents
number of fractions
number of values

Single Precision
32
8
127
127
-126
1038, 1(0r38
23
1.F
254
223
1.98*31

Double Precision
64
11
1023
1023
-1022

10308 1(+308

52
1.F
2046
225
1.99*263



|IEEE /54 Format Parameters

Interpretation: Single Precision 32 bits

value

positive zero

negative zero

plus infinity

minus infinity

NaN

+ normalized nonzero
- normalized nonzero
positive denormalized
negativedenormalized

sign

Biased
exponent
0)
0)
255
255
255
O<e<255
0O<e<255
0)
0)

fraction

0

0

0

0
<>0

f

f
f<>0
f<>0

value
0
-0
Hnfinity
-infinity
NaN
2e-127(1 f)
-2¢-127(1 )
2-1280.1)
_2-126(O_f)



|IEEE /54 Format Parameters

Interpretation: Double Precision 64 bits

value

positive zero

negative zero

plus infinity

minus infinity

NaN

+ normalized nonzero
- normalized nonzero
positive denormalized
negative denormalized

Biased
sign exponent
0) 0)

1 0)

0) 2047

1 2047
Oorl 2047

0 O<e<2047
1 O<e<2047
0) 0)

1 0)

fraction

NaN
2e-1023 (1 _f)
-2e-1023 (1_f)
2-1022(0 )
_2-1022(0_f)



Floating Point IEEE 32-bit

Negative Positive
Underflow Underflow

Expressible Expressible
Negative Positive
Numbers Numbers

Negative Positive
overflow ‘ \ ‘ ‘ | Overflow

-(1-225)x2128  -1.0x2149 0 1.0x2149 (1-2:25)x2128




IEEE 754 Exponent Alignment

When alighing exponents for +/- or during multiplication, problems
arise:

* Exponent Overflow: A positive exponent exceeds the maximum
possible exponent value. In some systems, this may be
designated as +/- infinity.

 Exponent Underflow: A negative exponent exceeds the maximum
possible exponent value. This means that the number is too small
to be represented and it may be represented as 0.

» Significand Underflow: In the process of aligning significands,
digits may flow off the right end. This requires some form of
rounding

* Significand Overflow:The addition of two significands of the
same sign may result in a carry out of the last digit being
generated. This requires realignment.



Denormalized Numbers

e Used to handle cases of exponent underflow.

 When the exponent of the result is too small (a
negative exponent with too large a magnitude),
the result is denormalized by right-shifting the
fraction and incrementing the exponent for each
shift until the exponent is within a representable

range.

e The use of denormalized numbers is sometimes
called gradual underflow.



Denormalized Numbers

Consider the following IEEE 754 FP number (given
here in hex) 7F400000

What is its binary equivalent given with a power
of 2 in decimal

Using the table on slide 21 we have
+ normalized 0(sgn) 0<exp<255 &27(1.f)

For this number
— 5gn =0, exp=11111110, = 254, f=100000000...



Denormalized Numbers

* Thus
7F800000 = +2127* 1 1



Denormalized Numbers

As in the previous question, what will be
the equivalent value of 80000001

Sign = -

Exp=0

F = 00000000000000000000001,
-2-126 ¥0,00000000000000000000001



Floating Point

 We have already covered floating point
representation and exceptions.

* Addition/Subtraction
— align the radix points
— add the fractions
— re-normalize



Floating Point
Radix Point Alignment

* Consider the case of
1.01X23 * 1.111 X 272
Which exponent should we align?
Do we want:
101000.000 X 2% or 1.01X23
+1.111 X 22  +0.00001111 X 23

Why?



Floating Point Addition
Overflow, Underflow, Errors

* |sit possible to get overflow or underflow
when performing addition/subtraction?

* Asresults are re-normalized, what about lost
digits?



FP Errors

No matter how many bits we use In a floating-
point representation, our model must be
finite.

The real number system is, of course, infinite,

so our models can give nothing more than an
approximation of a real value.

At some point, every model breaks down,
Introducing errors into our calculations.

By using a greater number of bits in our
model, we can reduce these errors, but we
can never totally eliminate them.



FP Errors

* As we have seen, not every decimal number is
representable exactly in binary.

— Such representation errors are compounded as we
perform multiple arithmetic operations

— Because of truncated bits, cannot always assume
that floating point operations are commutative or
distributive. (Holds true for integers also)

(@+b)+c=a+(b+c) or

a*(b+c)=ab+ac



Floating Point Multiplication & Division

* Add exponents/subtract exponents
* Multiply fractions/divide fractions
* re-normalize

 check for overflow and underflow



Overflow

Integers
— + and — overflow already discussed

— / overflow can’t occur (ignoring divide by 0)

because
* A/B quotient Q will always be 0<=|Q|<=A

— * overflow is always an issue
* Multiply two n-bit numbers and can get up to a 2n bit
product

* Computers, when multiplying two n-bit values set aside
two n-bit registers for the product



Integer Multiplication

* |f we store the product of two n-bit integers in
a pair of n-bit registers (High and Low), how
do we know if overflow has occurred?

— Assume we are using 2’s complement for the
Integers

— The low order 32 bits of the product are in Low
and the high order bits are in High

— Don’t worry about the process, just assume that
when done, (High,Low) contain the correct 64-bit
result



Integer Multiplication

* If there is no overflow, then we should be able
to move the contents of low directly into our
result (32-bit) location

* So the question is, how can we look at
(High,Low) and tell if we cannot make the
above move into the (32-bit) location?



Floating Point Overflow

 We will ighore degenerate cases such as divide by
O, etc.

 Multiply
— A*B => (sign), (1.f, * 1.f;), (exp, + expy)

— Overflow occurs if (exp, + expg) is too small or too
large

 Divide
— A/B => (sign), (1.f, / 1.f), (exp, - expg)

— Overflow occurs if (exp, - expg) is too small or too
large



Floating Point Overflow

 Addition

— A+B => normalize an exponent so the exp, = expg then
add fractions, and again possibly normalize exponent

— Overflow occurs if exp of result is too small or too
large
e Subtraction

— A-B => normalize an exponent so the exp, = exp; then
add fractions, and again possibly normalize exponent

— Overflow occurs if exp of result is too small or too
large



Roundoff vs Truncation Errors

* Regardless of whether we are dealing with
integers or fractions, when we come to the
last representable bit, we must truncate or
round
—.01010100 rounds to (@ 4 bits) .0110
—.01010100 truncates to (@ 4 bits) .0101



Roundoff vs Truncation Errors

e Let’s say we truncate at 3 bits to the right of
the radix point. What is the error?

— Best case = .---00000000000.. hence the error=0
— Worst case= .---1111111111.. Hence the error <2-3

* Let’s say we round at 3 bits to the right of the

radix point. What is the error?

— Best case = .---00000000000.. hence the error=0
— Worst case=.---1111111111.. hence the error <=2



Roundoff vs Truncation Errors
Generalized

 |f the last digit saved is at position n
(remember n can be positive of negative),
then the errors are

Truncateerrorrangeatdigit nradixR 0¢ | R"
Rounderrorrangeatdigit nradixR 0¢ | ®™



Error Detection and Correction

* For any medium (storage, transmission, etc.) there is
always a chance of a bit error(s).

* To guard against this, error detection and correction
codes have been developed.

— Detection: recognize that an error has occurred
— Correction: Identify the bit(s) that is in error and correct it.

— |f a code can detect n bit errors, it can correct ¢ up to
an-1D/20 bit errors
e Ifn=1,c=0
e Ifn=2,c=0
e |f n=3, c=1
e Ifn=4,c=1
e |f n=5, c=2



Error Detection and Correction

* |f a code can detect n errors, what happens if
the number of errors is >n?

— It depends on the code, but in general, if the
number of bits errors >n it will indicate a correct
transmission

* For parity checking codes (n=1), if the number of errors
is even, it will say the transmission is ok, and if it is odd,
it will say there is an error.

— For O errors, 2 errors, 4 errors, etc. it will say the transmission
is correct

— For 1, 3, 5, ... errors, it will say the transmission has a single
error



Parity

e Parity Check bit (n=1)
— Single error detection
* If there is one (bit) error then parity is wrong

— Zero bit error correction

— For even/odd parity, add a bit at end of string such
that counting that bit the number of 1's is
even/odd

e.g. 010 4t bit for parity, would be a 1/0 for
even/odd parity



Parity

* |n the diagram below, the parity bit P is for
even parity, for a 7-bit ASCII character

 The S is the start bit, and the S is the stop bit.

* The serial receiver looks for a start bit (a 1)
then reads the next 7 bits as data, then a
parity bit, and finally a stop bit — if no stop bit,
it ignores the transmission

S BO Bl B2B3 B4 B5B6 P S

Serial Line Signal: empty line, start bit, 7
data bits, parity, stop bit, (empty line)



Calculating Parity

* Parity is often calculated simply as the
exclusive or of the data bits

0123 456 FP

XOR of data bits leads to even parity

122



Error Detection and Correction
Capabilities

* Having explained the parity bit, we can get a
better understanding of what is needed to
detect and correct errors.

* |n the preceding example, there were 7 (ASCI|
code) data bits and one parity bit.
— The 7 data bits allow for 27 or 128 legal codes

— When we add a parity bit, there are now 28 or 256
codes, of which 128 are legal.



Error Detection and Correction
Capabilities

* Hamming Distance —the Hamming distance
between two binary strings of equal length (a
must) is the number of bits in one string that
must be changed to make the string the same
as the other.

— String 1 String 2 Hamming Distance
— 01101 10010 5
— 00000 10001 2

— 01 10 2-



Error Detection and Correction
Capabilities

Consider the follow 8-bit strings (first 7 bits are
the code, and the 8t is the parity)

00000000 legal
00000001 error
00000010 error
00000011 legal
00000100 error
00000101 legal
Etc.



Error Detection and Correction
Capabilities

* If one examines all of the legal codes, i.e. ones
with the correct parity, one will find that for any
legal code, the nearest legal code word to it has a
Hamming distance of 2.

— This means if one bit is in error in a legal code word, it
has become an illegal code word; whereas, if two bits
are in error it becomes another legal code word

— So If | find an illegal code word (single error
detection), | know it’s in error, but because there are
two legal code words a Hamming distance of 1 away, |
don’t know which was the legal code word (0 error
correction)



Error Correction

* For these codes, the rule is that if an error is
detected, the illegal code word is changed to
the legal code word closest (in Hamming
distance) to it.

— For k error correction, need a minimum Hamming
distance of 2k+1 between legal code words

— Because of the Hamming distance requirement, as
the number of errors to detect and correct

increases, we need more bits.




Skip Hamming Code



Hamming Code

* One of many schemes for generating code
words, and detecting/correcting errors.

— Assume we have m code bits, and r check bits
— With m code bits, we have 2™ legal code words.

— Legal code words will be distinguished from one
another because of differing check bits.

— The total bits in a code word is n=m+r

— We will look at the set of illegal code words that
are 1 bit (hamming distance) from a legal code
word



Hamming Code

* |f we look at the set of legal code words (n
bits), and the set of code words (invalid) a
distance one from it, then this set consists of
n+1 code words (1 for the legal, and n for all
those invalid ones that are one bit from the
legal one).

 We also have a total of 2" possible bit
patterns.



Hamming Code

* The preceding gives the following inequality
(n+1)*2" ¢ 2"
Becausa = m+r, wealsohave
(m+r+1)*2" ¢ 2™ or
(m+r+1)¢ 2

The preceding specifies the lower limit on the
number of check bits a code must have to be
able to correct all single bit errors.



Hamming Code

e Consider a code with data items of 6 bits.

* We want to be able to correct all single bit errors,
thus:
(6+r+1)<= 2"
What is the minimum value of r such that this inequality

holds?
r=17 8<=2
r=27 9<=4
r=37 10<=8
r=47 11<=16 --—--- This is it!

r=57 12<=32



Constructing a Hamming Code

1. Determine r, and using n=m+r, number the
bits right to left starting with 1 (not 0)

2. Any bit that is numbered a power (integer) of
2, is a check (parity) bit and the others are
data bits.

3. Each of the parity bits b, , represents the
parity for those bits 1+2+...k =j



Constructing a Hamming Code m=6

1. (6+r+1)<= 2% which means we choose r=4
2. This means each code word will have m+r=10
bits
X X X X
10 9 8 7 6 5 4 3 2 1

The x’s denote the r parity checking bits




Constructing a Hamming Code m=6

3. Now this is the “tricky” part — you need to
assign which bits the parity bits will check.

Assign checks from the sum of the powers of
2 bit positions.

paritybit j=3 2°+2'+2° +......

Thus
1=1 5=1+4 9=1+8
2=2 6=2+4 10=2+8
3=1+2 7=1+2+4

4=4 8=8



Constructing a Hamming Code m=6

 What the preceding says is that since bit 1
contributes to the parity of bits 1, 3,5,7 9
choose it so that it gives these 5 bits the
correct parity

bit 2 contributes to 2,3,6,7,10
bit 4 contributesto 4, 5, 6, 7
bit 8 contributes to 8, 9,10



Constructing a Hamming Code m=6

e Let’ssaythe code wordis 101101 (remember it’s 6
bits)

1 0 X 1 1 0 X 1 X X
10 9 8 7 6 5 4 3 2 1

All that’s left is to figure out the parity bits — we’ll use
even parity

bit 1 => ?+1+0+1+0 => O(remember it’s bits 1,3,5,7,9)
bit 2 => ?+1+1+1=>1

bit 4 => ?+0+1+1=>0

bit 8 =>?+0+1 =>1

Code word is 1011100011




Hamming Code Error Detection

 Now what if say bit 3 is in error?
1011100111 =>1011100111

Bit 1 parity => 1+1+0+1+0 => Parity error for even

bit # 13579
Bit 2 parity => 1+1+1+1+1 => Parity error for even
bit # 236710

Bit 4 parity => 0+0+1+1 => OK
bit # 4567

Bit 8 parity =>1+0+1 = OK
bit # 8 9 10



Hamming Code Error Detection

* Since bits 1 and 2 indicate there is an error,
assuming only a single bit error, then the error bit
must be the one(s) that are common in both sets.

e (Bit 1 parity) {intersection} (Bit 2 parity) = (3,7)

* Note that bit 7 is also in the bit 4 parity set which
does not show an error. Therefore, the bit in error
must be bit 3.



Cover Checksums



Checksums

Parity works to protect a single character or byte, but its detection
capabilities lack in power when applied to larger messages.

— the chance of having multiple bit errors within a message increases
exponentially with the message length.

Parity is actually a simple form of a checksum (it sums up all the bits
in the data, modulo 2). The natural extension is to create a more
powerful checksum.

On typical checksum technique for blocks of bytes or words, is to X-
or the words as they are transmitted, and then after the block is
transmitted, transmit the checksum.

— On the receiver end the checksum is also calculatedTypical versions
are summing up the bytes (or 2-/4-byte words) in the message into a
checkbyte (or 2-/4-byte checksums). This is again done modulo 256 (or
216 or 232, respectively), which can essentially be implemented by
ignoring carry and overflow conditions due to the addition.



Checksums

« Error detection capabilityEven though the checksum is much
larger than the parity bit and it generally detects many more errors
than parity, it is not able to detect all 2-bit modifications to the
message: If it clears a bit at position i in one word, but changes the
ith bit to one in another word, the sum of these two words and
thus the total checksum remains the same. But if two bits at
different positions in the same word (or two different words) are
flipped, this error will be detected.

* As a consequence of the undetected 2-bit modification above, we
can also exchange entire words, especially swap adjacent words,
and the result will pass the checksum test. (In effect, both the
same-bit-swapping and the word-swapping are due to the
commutative nature of the addition and will also apply to any other
check method with commutative properties.)

e Commutative nature of addition A+B = B+A



Skip CRC



CRC Cyclic Redundancy Check

e CRC’s are an effective and often used method for error
detection.

e Sender

— For the given string of bits to transmit calculate the CRC

— When transmitting the data, append the CRC bits to the
transmitted string

e Receiver

— As bits are received, calculate as with transmit, but in this
case the CRC bits are included.

— If the result is 0, assume no errors, else assume errors and
request retransmit



Calculating the CRC bits

e Although difficult to explain, the calculation of
the CRC bits is fairly simple.

— The CRC is the remainder of the result of the
division of the string — modulo 2 — by a preset
polynomial

— There is much math involved in picking a
polynomial, however, there are already some
predefined polynomials

* For 16-bit (pairs of byte) transmissions, one often used
is CRC-16 (ANSI): X1 + X1> + X2 + 1



CRC Polynomial

* The given representation for a CRC polynomial
uses X=2 for the base and positional notation for
the representation. Thus,

X164+ X1> + X2 + 1 =11000000000000101

* For an example, this is too complicated, so let’s
use

— X*+X1 +1=10011

— generally one wants the polynomial to have a 1 on the
left and the right



CRC Calculation

 We will assume that the string to transmit is
100101011

* The process is a series of modulo 2 divisions of
the string by the CRC polynomial



CRC Calculation

Let the information string be 1I=100101011
Let the polynomial be P=10011, length n=5
Append n-10’sto |, I’'=1001010110000

Using this I’ as the dividend and P as the
divisor, do modulo 2 division (can just use X-
or) to get the remainder



10011 ) 1001010110000
10011 (ustx -oORtogetresul)
000011011
10011
010000
10011
00011000
10011
1011 (RemAINDER)




CRC Calculation

* The remainder from the last slide is added to
the extended CRC string to get the transmitted
string

Transmit = I'+remainder = 1001010110000+1011

Transmit = 1001010111011



CRC Receiver Calculation

10011 ) 1001010111011
10011 (ustx -ORto getresul)
000011011
10011
10001
10011
10011
10011
00000 (remainder)




Cover Coding & Compression



Coding and Compression

 We have seen several ways in which various
kinds of information are represented digitally

— Integers, floating point, complements, ASCII, etc.

« Sometimes, in addition to these
representations, bits are added to the
representation, or even special representation
schemes are used to reduce the require
number of bits

* Has anyone every created or read a ZIP file?



Computing Challenges

* |n terms of computing power, the three
challenges are always

—Hardware speed
—Memory capacity
—Bandwidth

 Moore’s law has been taking care of the first
two



Bandwidth

 Bandwidth is a measure of how fast
information (digital) can be transmitted over a
communication channel. It is also sometimes
referred to as the channel capacity

— Generally measure as bps (bits/second) or Bps
(bytes/second)



Computing Challenges

e How do we increase bandwidth or channel
capacity — one of four ways

—Transmit more per unit of time
* Serial to parallel to very long word.....

— Better hardware and/or communication
medium
* E.g use fiber optic cable rather than coaxial cable



Computing Challenges

—Shorten distance

* No matter what, can’t go faster than speed
of light

* If a transmission must be acknowledged,
distance really matters

—Compress

* Send the same information in fewer bits



Murphy’s Laws of Bandwidth

* No matter how much bandwidth your system
has, it will not be enough

* Like storage, use of bandwidth always expands
to utilize (need) slightly more than that which
is available.



Coding & Compression

* The DVD is a good example of how things
have improved

—Increased density means increased
transfer rate (bandwidth)

— Use of MPEG/JPEG compression also
increases bandwidth



Compression - Definition

* The process of finding patterns or
relationships in data in order to reduce
the number of bits required to represent
it



Coding & Compression

* When compressing (sometimes referred to as
coding), there a 3 parameters to consider:

—amount or degree of compression
required/desired

—image or audio quality to be maintained (are
errors allowed?)

—speed of compression and decompression

* |f an image can be compressed by a factor of 10,
then that is equivalent to increasing the
bandwidth of the channel by a factor of 10.



Coding & Compression
* Generally measure compression as
ratio:
# bits before/ # bits after
* Can also express compression ratio as
a %
—80% compression means to 5:1
compression



Why can we compress?

Bit stream or file contains repeating
patterns of 1’s and O’s

Image contains same color many times

Audio bit stream contains same sound
multiple times

Bit stream contains coded information that
is imperceptible visually or aurally by
humans



Decode

* Decoding or decompression is the inverse
of compression

* |f decompression and compression use
similar techniques and hence have similar
execution times, they are called symmetric;
otherwise, they are called asymmetric.

—Teleconferencing would be symmetric

—Instructional application would be
asymmetric



History

* There are many examples of compression
— Pictures instead of words??

* When we started using written text for spoken
words, we were losing the “sounds” or
emotions (lossey compression).

* This is one of the challenges of an author



History

* One of the best early examples of “binary”
compression is Morse code

—E=.

—A= -

—Q=--.-

—More frequently occurring characters use
shorter codes.



Coding

* While this is not a coding class, it is useful to
at least be introduced to the concept of
coding.

 The Huffman code, or Huffman coding is one

of the most famous coding/compression
techniques and is still used



Huffman Code

* |t's a prefix code — no code word is a prefix to
another code word

e Based on the observations that

—Symbols that occur more frequently should
have shorter lengths than those that occur
less frequently

—The two symbols that occur least frequently
will have the same length



Huffman Code

 Huffman codes are generally built using a
binary Huffman tree

* Roots are symbols of alphabet

* Root nodes are combined in order of
least probable, with right and left
branches denoting a 1 or a O respectively



Huffman Example

Consider the following characters in a text
document, with the following frequencies:

character frequency %
a 20 .19
b 10 .09
C 15 14
d 7 .07
e 12 11
f 10 .09
g 18 17
h 15 14



Huffman Example

use left =1, and right =0
a=00

b=1110
c=101
d=1111
e=010
f=011
g=110
h=100

$TITON

11 14 14 17



Huffman Coding

 Code scheme for code words a,...,h

— with 8 characters, would need 3 bits/code
word with no coding

— For the frequencies given in the preceding

example, the average code word length would
be

e 0.19*2 +0.17*3 + 0.09*4 + ... = 2.97
a b C



Huffman Problem

* For the following frequencies of
occurrence, develop a Huffman code

a=.25, b=.15, c=.1, d=.2, e=.3



