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Abstract

While POMDPs provide a general platform for conditional
planning under a wide range of quality metrics they have lim-
ited scalability. On the other hand, uniform probability con-
ditional planners scale very well, but many lack the ability to
optimize plan quality metrics. We present an innovation to
planning graph based heuristics that helps uniform probabil-
ity conditional planners both scale and generate high quality
plans when using actions with non uniform costs. We make
empirical comparisons with two state of the art planners to
show the benefit of our techniques.

Introduction
When agents have uncertainty about their state, they need to
formulate conditional plans, which attempt to resolve state-
uncertainty with sensing actions. This problem has received
attention in both the uncertainty in AI (UAI) and automated
planning communities. From the UAI perspective, finding
such conditional plans is a special case of finding policies for
FOMDPs in the fully observable case, and POMDPs in the
partially observable case. The latter is of more practical use,
although much harder computationally [Madani et al., 1999;
Littman et al., 1998]. The emphasis in the UAI commu-
nity has been on finding optimal policies under fairly gen-
eral conditions. However the scalability of the approaches
has been very limited. In the planning community, condi-
tional planning has been modelled as search in the space
of belief states (which can be seen as a way of character-
izing state uncertainty in terms of uniform probability over
a set of states). Several planners have been developed–eg.
MBP [Bertoli et al., 2001], and PKSPlan [Petrick and Bac-
chus, 2002] – which model conditional plan construction as
an and/or search. These approaches are more scalable than
the MDP-based approaches1, but are often insensitive to the
cost/quality information. Indeed, in the presence of actions
with differing costs, planners such as MBP (aside from us-
ing in-admissible heuristics) can generate plans of arbitrar-
ily low quality, attempting to insert sensing actions without
taking their cost into consideration.

In this paper, we describe a way of extending state of
the art conditional planners to make them more sensitive to

1Their scalability is partly because the complexity is only 2-
EXP-complete [Rintanen, 2004]!

cost/quality information. Our idea is to adapt the type of
cost-sensitive reachability heuristics that have proven to be
useful in classical and temporal planning [Do and Kamb-
hampati, 2003]. Straightforward adaptation unfortunately
proves to be infeasible. This is because in the presence
of state uncertainty, we will be forced to generate multi-
ple planning graphs (one for each possible state) and rea-
son about reachability across all those graphs [Bryce and
Kambhampati, 2004]. This can get prohibitively expensive–
especially for forward searching planners which need to do
this analysis once at each search node.

The main contribution of this paper is a way to solve this
dilemma. In particular, we propose a novel way of gener-
ating reachability information with respect to belief states
without computing multiple graphs. Our approach, called
the labelled uncertainty graph (LUG) [Bryce et al., 2004],
symbolically represents multiple planning graphs, one for
each state in our belief, within a single planning graph.
Loosely speaking, this single graph unions the support infor-
mation in explicit multiple graphs and pushes the disjunc-
tion, describing sets of possible worlds (states in a belief),
into “labels” (�). The graph is built using labels, for sets of
worlds, to annotate the planning graph vertices. A label on a
vertex signifies the states of our belief that reach the vertex.

To take cost information into account, we describe a
method for propagating cost information over the LUG, giv-
ing us a cost-propagated LUG (CLUG). The (previously
mentioned) labels tell us when graph vertices are reachable,
but they do not indicate the associated reachability cost. We
could track a single cost for the entire set of worlds rep-
resented by a label, but this would lose information about
differing costs for subsets of the worlds. Tracking a cost
for each subset of worlds is also problematic because there
are an exponential number of subsets. Instead we track cost
over fixed partitions of world sets. This CLUG is used as
the basis for doing reachability analysis. In particular, we
extract relaxed plans from it (as described in [Bryce et al.,
2004]), and use the cost information to help select low cost
relaxed plans. Our results show that cost-sensitive heuristics
improve plan quality.

We proceed by describing our representation and our
planner POND, then introduce our planning graph gen-
eralization called the CLUG, and relaxed plan extraction
procedure. We then do an empirical study of the techniques
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within our planner and compare with two state of the art con-
ditional planners MBP [Bertoli et al., 2001] and GPT [Bonet
and Geffner, 2000]. We end with a conclusion and directions
for future work, with emphasis on non-uniform uncertainty.

Representation & Search

POND uses progression search to find strong plans, under
the assumption of partial observability. A strong plan guar-
antees that after a finite number actions executed from any
of the many possible initial states, all resulting states will
satisfy the goals. The plans are directed acyclic graphs. We
define a plan’s quality as the expected execution cost (i.e.
average path cost), under uniform probability.

POND searches in the space of uniform probability be-
lief states, a technique first described by Bonet and Geffner
[2000]. The planning problem P is a tuple 〈D,BSI , BSG〉,
where D is a domain, BSI is the initial belief state, and
BSG is the goal belief state. Belief states are essentially
propositional formulas whose models are states. We rep-
resent belief states with BDDs. The domain D is a tuple
〈F,A〉, where F is a set of all fluents and A is a set of
actions. Actions have cost and are either causative or ob-
servational, with a set of conditional effects or observation
formulae as outcomes, respectively.

We use top down AO* search [Nilsson, 1980], in the
POND planner to generate conditional plans. In the search
graph, the nodes are belief states and the hyper-edges are
actions. We need AO* because the application of a sensing
action to a belief state in essence partitions the belief state.
We use hyper-edges for actions because sensory actions have
several outcomes, all if any of which must be included in a
solution. The cost model for our plans is the expected ex-
ecution cost so we use an expectation over the children of a
hyper-edge to choose a node’s best action.

Cost Labelled Uncertainty Graph (CLUG)

To guide search, we use a relaxation of conditional planning
to estimate the conditional plan’s suffix for each search node.
The relaxation measures the cost needed to support the goal
by ignoring mutexes between actions, and ignoring sensory
actions. While our relaxation does not include sensory ac-
tions, the search reasons about the cost of sensing at the cur-
rent search node. Our heuristic reasons about the transition
cost between two sets of states, giving a belief state cost
measure[Bryce and Kambhampati, 2004]. The belief state
cost measure is a generalization of state cost measures used
in classical planning that estimate path costs in the search
graph. Following [Bryce and Kambhampati, 2004], we com-
pute the belief state cost measure to estimate the cost of co-
transitioning all states in our current belief state to a state
in the goal belief state. While we estimate the same met-
ric, we compute it within a single planning graph called the
LUG [Bryce et al., 2004] opposed to using a planning graph
for every state in our belief state. The LUG was originally
developed for unit cost actions, and here we define a gener-
alization of cost propagation techniques for the LUG.

CLUG Construction
We present the CLUG, a single planning graph that uses
annotations on vertices (actions and literals) to reflect vari-
ous assumptions about how a vertex (v) is reached. Specifi-
cally we use two annotations, a label (�k(v)), which denotes
the models of our current (source) belief BSs that reach
the vertex at level k and a cost vector reflecting an estimate
of the cost of reaching the vertex from different models of
the source belief. The annotations help us implicitly repre-
sent the vertices common to several of the multiple planning
graphs in a single planning graph. The labels for the initial
layer literals are used to label the actions and effects they
support, which in turn label the literals they support. The
use of labels is based on the intuition that (i) actions and
effects are applicable in the possible worlds for which their
conditions are reachable and (ii) a literal is reachable in all
possible worlds where it is given as an effect.

CLUG: A levelled graph, where a levelk contains three
layers, the literalLk, actionAk, and effectEk layers. The
construction of theLUG is with respect to the actions inA
and a source belief stateBSs. EachLUG vertex is a triple
〈v, �k(v), ck(v)〉, where thev is an actiona, effectϕj , or
literal l, �k(v) is its label, andck(v) is a cost vector.

Labels: A label �k(v) of a vertexv is a propositional for-
mula where each model of it is a stateSs ∈ M(BSs). For
any suchSs, a classical planning graph built fromSs con-
tainsv in levelk.

Without considering cost, as in the LUG, we can use la-
bels to get an idea of the number of worlds in which an ac-
tion supports a subgoal. A technique we experiment with
during relaxed plan extraction is preferring actions that sup-
port subgoals in more worlds (coverage) – as we may need to
include less actions to support subgoals from all the worlds
in BSs. We do not have to compute cost vectors to use the
coverage technique, but it is admittedly myopic because it
does not consider the cost of using an action for support.
Hence we also experiment with cost vectors for vertices.

Cost Vectors: A cost vectorck(v) is a set of pairs〈fi, ci〉,
wherefi is a propositional formula overF andci is a ratio-
nal number. Everyci is an estimate of the cost of reachingv
from all state modelsSs ∈ M(fi).

Cost propagation on planning graphs, similar to that used
in the Sapa planner [Do and Kambhampati, 2003], computes
the estimated cost of reaching literals at time points. The
cached costs give relaxed plans an estimate of the cost asso-
ciated with including an action (in terms of the cost incurred
to support the preconditions of the chosen action). In using
the costs, we face a more general scenario where there may
be different costs for every subset of models of BSs. Instead
of tracking costs for an exponential number of subsets, we
partition the models of BSs into fixed sets to track cost over
(i.e. the elements of the cost vectors ck(v)). The fixed sets
are different for every literal, action, and effect, because they
are defined with respect to labels. The partitions are with re-
spect to the new worlds that support a vertex at a level. We
briefly discuss the procedure for cost and label propagation
through graph layers by describing how to find each layer of
the graph.
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Initial Layer: The LUG has an initial layer, L0, consisting
of every literal that is in a model of BSs. In the initial layer,
the label �0(l) of each literal l represents the states of BSs in
which l holds. In the cost vector, we store a cost of zero for
the entire group of worlds in which each literal is initially
reachable (i.e. 〈�0(l), 0〉).
Action Layer: Based on the previous literal layer Lk, the
action layer Ak contains all non-⊥ labelled causative actions
with from the action set A, plus all literal persistence. The
label of the action at level k, is equivalent to the conjunction
of the labels of its execution preconditions. If there are new
worlds supporting a at level k, we add a formula-cost pair to
the cost vector with the formula equal to �k(a)∧¬�k−1(a).2

We then update the cost for each element of the cost vec-
tor, where each fi is a formula describing the new worlds
of BSs that came to support a at a distinct level. We find
ci by summing the costs of the execution precondition liter-
als, in the worlds described by fi. The cost of each literal is
determined by covering fi with the cost vector of the literal.

For example, we wish to compute the cost of an action
a in a set of worlds described by f , where a has a single
execution precondition l with a cost vector {〈f ′, 3〉, 〈f ′′, 5〉}
Say f represents two states s1, s2, f ′ represents s1, s3, and
f ′′ represents s2, s4. We need both f ′ and f ′′ to cover f
because both cover one state of f . The cost of f is then 8
because the cost of the cover is 8.

Effect Layer: An effect ϕj is included in Ek, when it is
reachable in some world of BSs, i.e. �k(ϕj) 
=⊥, which
only happens when both the associated action and the an-
tecedent are reachable in at least one world. The cost ci of
world set fi of an effect at level k is found by adding the
execution cost of the associated action, the support cost of
the action in the worlds of fi, and the sum of the cost of the
antecedent literals in fi.

Literal Layer: The literal layer, Lk, contains all literals
with non-⊥ labels. The label of a literal, �k(l), depends on
Ek−1 and is the disjunction of the labels of each effect that
gives the literal. The cost ci in a set of worlds fi for a literal
at level k is found by covering the worlds fi with the union
of all formula-cost pairs of effects that support the literal.

Termination: The CLUG construction stops when two
consecutive literal layers are identical.

Relaxed Plans
The LUG and CLUG relaxed plan heuristics account for
positive world interaction and independence across source
states in achieving the goals. In the relaxed plan we support
the goal with every state in BSs, but in doing so we track
which states in BSs use which paths in the graph. There
may be several paths used to support a subgoal in the worlds
of BSs, because not one supports all worlds. One challenge
in extracting the relaxed plan is in doing the proper label al-
gebra to track what worlds use which paths to support sub-
goals. Another challenge is in extracting cost-sensitive re-
laxed plans from the CLUG. In the next section, we demon-
strate both effectiveness of using cost vectors (cost) as in the

2When k = 0 we can say �−1(a) =⊥.

CLUG and the size of action’s label (coverage) as in the
LUG to decide which actions to use to support subgoals.

The LUG and CLUG relaxed plans are inadmissible,
i.e. will not guarantee optimal plans with AO* search. Ad-
missible heuristics are lower bounds that enable search to
find optimal solutions, but most in practice are very inef-
fective for improving search efficiency. In the next section
we demonstrate that although our heuristics are inadmissi-
ble they guide our planner toward solutions of comparable
quality to a planner that uses admissible heuristics and do so
much faster.

Empirical Comparisons
Our main intent is to evaluate the effectiveness of the LUG
and CLUG relaxed plans in improving the quality of plans
generated by POND. Additionally, we also compare with
two state of the art planners, GPT [Bonet and Geffner,
2000], and MBP [Bertoli et al., 2001]. Even though MBP
does not plan with costs, we show the expected cost of
MBP’s plans for each problem’s cost model. GPT uses ad-
missible heuristics based on relaxing the problem to full-
observability (whereas our relaxation is to no observabil-
ity while ignoring action mutexes), and MBP uses a belief
state’s size as its heuristic merit. For lack of space, our test
set up involves a single domain, Medical-Specialist. Each
problem had a time out of 20 minutes and a memory limit of
1GB on a 2.8GHz P4 Linux machine.

Medical-Specialist: We developed an extension of the med-
ical domain [Weld et al., 1998], where in addition to stain-
ing, counting of white blood cells, and medicating, one can
go to a specialist for medication and there is no chance of
dying – effectively allowing conformant (non-sensing) plans
where the specialist medication is used for every disease. We
assigned costs as follows: c(stain) = 5, c(count white cells)
= 10, c(inspect stain) = X, c(analyze white cell count) = X,
c(medicate) = 5, and c(specialist medicate) = 10. We gener-
ated ten problems, each with the respective number of dis-
eases (1-10), in two sets where X = {15, 25}.

Our results in the first two columns in Figures 1, 2, and 3
show the expected cost, plan breadth, and total time for two
cost models. Relaxed plans based on propagated cost instead
of coverage enable POND to be more cost-sensitive. Us-
ing the cost propagation method, plans tend to branch less
than coverage as the cost of sensing increases in order to re-
duce expected cost. Since MBP is insensitive to cost, the
its plans are proportionately costlier as the sensor cost in-
creases. GPT returns better plans, but tends to take signif-
icantly more time as the cost of sensing increases; this can
be attributed to how the heuristic is computed by relaxing
the problem to full-observability. Our heuristics measure the
cost of co-achieving the goal from a set of states, whereas
GPT takes the max cost of the states.

In summary, the experiments show that the LUG heuris-
tics help with scalability and using propagated cost to extract
relaxed plans helps find better solutions. We also found that
planners not reasoning about action cost can return arbitrar-
ily poor solutions, and planners that use weaker assumptions
about uncertainty and cost do not scale as well.
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Figure 1: Expected cost results forPOND (coverage and cost),MBP , andGPT for Medical-Specialist.
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Figure 2: Breadth (# of plan paths) results forPOND (coverage and cost),MBP , andGPT for Medical-Specialist.
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Figure 3: Total Time(ms) results forPOND (coverage and cost),MBP , andGPT for Medical-Specialist.

Conclusion
With our motivation toward conditional planning ap-
proaches that can scale like classical planners, but still rea-
son with quality metrics, we have presented a planning graph
innovation called the CLUG. With this we extract cost-
sensitive relaxed plans that are effective in guiding our plan-
ner POND toward high-quality conditional plans. We have
shown with an empirical comparison that our approach im-
proves the quality of conditional plans over conditional plan-
ners that do not take cost information into account, and we
can out scale previous approaches that consider cost infor-
mation in a weaker fashion. Given our ability to propagate
numeric information on the LUG, we are currently adapting
these heuristics to handle non uniform probabilities. The
extension involves using expected cost in the cost vectors so
relaxed plans can select actions such that subgoals are sup-
ported with high probability, but low expected cost.
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