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Abstract

Many planning applications must address conflicting plajeaifves, such as cost, risk, duration, and resource
consumption and decision makers want to know the possiatietoffs. Traditionally, such problems are solved by
invoking a single-objective algorithm (such as A*) on mpilé, alternative preferences of the objectives to identify
non-dominated plans. The less-popular alternative is taydeasoning about preferences and directly optimize
multiple plan objectives with a search algorithm like Mwgbjective A* (MOAY).

We notice that the relative performance of these two apembinges upon the number of f-values computed
for individual search nodes. A* may revisit a node severaks (once for each preference) and compute a different
f-value each time. MOA* visits each node once and may compatae number of f-values (each estimating the
value of a different non-dominated solution constructeafithe node). While A* does not share f-values between
searches for different solutions, MOA* can sometimes findtiple solutions while computing a single f-value per
node. However, in doing so, MOA* is often ignorant of alteiva solutions. We study several techniques for
computing MOA* f-values that seek to lower the per node cdsiteralso seeking multiple alternative solutions. The
results of extensive empirical comparison show that i) teéggmance of multiple invocations of a single-objective
A* versus a single invocation of MOA* is often worse in timedaguality, and ii) that techniques for balancing per
node cost and exploration are promising.

1 Introduction

Most realistic planning problems have multiple competibigotives. It is common in practice to select a preference
over the objectives and solve the problem with respect phéference [7]. It is also common that the preference
is highly subjectiveand the solution is found without knowledge of possiblytéealternative solutions. Instead, by
finding multiple solutions, a human can apply their subjectireference over the objectives to the solution set (with
full knowledge of the trade-offs available). In this senfieding multiple solutions can facilitate — or circumvent
entirely — preference elicitation. The approach taken inyrapplications is to apply multi-objective reasoning [3, 1
21, 10, 23, 19], and in this work we study multi-objectiversbdaor planning.

Finding Sets of Plans: There are two ways to find a set of solutions that trade-ofbthjectives differently: iterate a
single objective algorithm over multiple preferences, & a multi-objective algorithm with no assumptions aboet th
preferences. However, the poor scalability of multi-objecheuristic search algorithms, such as Multi-objecive
(MOA*) [17] has lead to favoring the iteration a single-otifjge algorithms (such as A*) over different aggregations

or bounds (i.e., preferences) on the objectives. Upon clasamination, we notice a fundamental inefficiency with
multiple invocations of a single-objective algorithm: baearch episode may expand many of the same search nodes
and recompute the f-values (a relatively large cost in glagin The high number of redundant node expansions
is especially pronounced when the set of non-dominatedsptasitively interact (i.e., the plans share a common
subsequence of actions). Moreover, with multiple invanadiof the single-objective algorithm, there may be no
guarantee that each solution will be non-dominated witheesto the other solutions.



MOA*: MOA* generalizes A* to find multiple non-dominated solut®m a very straight-forward manner. A*
searches for a single “best” solution in terms of one optatii metric captured by each node’s f-value. MOA*
searches for multiple “best” solutions by permitting nmpiki f-values (a vector of f-values) per node. Each MOA*
f-value is associated with a different non-dominated $ofutlf a node is in the open list and at least one of its f-value
is non-dominated with respect to the f-values of the othelespthen the node can be expanded.

Computing f-values. Noticing that having a single non-dominated f-value is egioto keep a node on the non-
dominated search frontier is an important observationwvleaéxploit in this work. Computing multiple h-values (to
get multiple f-values) for a search node can be both good add Having more h-values improves a node’s chance
for being on the non-dominated search frontier, but alsce@®es the per node cost. Ideally, we would like to compute
only those h-values that are needed to keep solution-lgeaddes on the non-dominated frontier. Our intuition is
that many plans positively interact, and if we can computagls h-value (or a small set of h-values) for a set of
interacting plans, then search will find these plans at al@ost.

We explore several approaches to computing heuristics fOAM i) compute a single h-value per node that
estimates the longest solution path, hoping that othettisolsi will positively interact, ii) compute a uniform grid
of h-values per search node to avoid missing solutions thatat positively interact, iii) with probabilityy — p
compute a uniform grid of h-values (as in ii), and with proitigbp compute the h-values that are similar to the parent
node’s h-values that were non-dominated in the open list.filée(in our experiments) that the third approach is
the most useful because it balances exploration with praien of non-dominated partial solutions. We compare to
the baseline approach of computing several solutions witlhAsetting different bounds (preferences) on the plan
objectives.

Probabilistic Planning: We compare A* and MOAY* in probabilistic planning, where thHamplength and probability

of goal satisfaction are the competing objectives. Prdiséibiplanning largely simplifies our analysis because in
partial solutions, one objective (plan length) is free tarfpe, but the other objective (probability of goal satitéan

is fixed (i.e., no partial plan collects the probability ofa@atisfaction until it is a complete plan). The effect is
that there is a single best g-value for each node, and thevemjyto obtain multiple f-values is to compute multiple
h-values. Hence, we can focus solely on how to compute nteiltipralues without considering multiple g-values.
While we do not study partial satisfaction planning [18] lxistwork, we note that it largely resembles probabilistic
planning from the perspective of a search algorithm, and elie\e our techniques are applicable in this problem as
well.

In the following, we present the MOA* algorithm, provide timtuition for investigating which f-values are com-
puted in MOA*, discuss several approaches to computingbegfor MOA*, describe how to formulate probabilistic
planning at A* and MOA* search, study the empirical performoa of the techniques on several domains, discuss
related work, and conclude with future research directiddar contribution is to evaluate the relative strengths of
single objective and multi-objective search, and show thalti-objective search is preferable when non-dominated
solutions share common search nodes.

2 MOA*

MOA* [17] is a search algorithm that finds a set of paths, afidsen established notions of solution (non)dominance
in multi-objective problem solving.

Let IT denote a set of solutions for some problem. Each solutienlI is associated with a value vectofr) =
(v1(m), ..., vm () defining its quality for each of: objectives. A solutionr dominatesolution=’, denotedr < «/,
if it is no worse thant’ in all objectives,v;(w) < v;(7'),i = 1,...,m, andv(w) # v(x’). Let £(II) denote the
set of efficient (also called non-dominated) solutions hstiat for no pair of solutiong, 7’ € £(II), # < « or
m = «'. As such, we seek efficient solutions that minimize the dhjes differently. We characterize the quality of
a set of solutions by computing its hypervolume [20], the giZ the objective space dominated by the solutions. As
the efficient set gains quality, the hypervolume increates.H (I1) denote the hypervolume (size of the dominated
objective space) of a set of solutiolis= {7, ..., 7, }, calculated a$:

10our implementation uses an optimized, but equivalent cdatjom for two objectives.



Objective 1

Objective 2

Figure 1: Two objective example (hypervolume depicted).

MOA*
1. Initialize Open with the start node. Initialize an empty set of nodegutions.

2. Find a subset aDpen, denotedS(Open), of nodes with f-values not dominated by an f-value of anyeniod
Open or Solutions.

3. If |E(Open)| = 0, then exit returning solutions found by following efficieback-pointers from nodes in
Solutions.

4. Otherwise, select nodefrom £(Open), remove fromOpen, and add ta’losed.
5. If nis a solution node, then addto Solutions and Goto 2.

6. Otherwise, Expand, adding successors pen (removing previously expanded successors ft@lmsed) and
computing successor f-values. Goto 2.

Table 1: MOA* Algorithm.

S D ol (L ]

=1 ki1<...<k; m=1

wherea,,, anda,,, denote respective upper and lower bounds omtHeobjective (e.g., the lower and upper bounds
on a solution’s probability of success is zero and one, iEidy).

Consider the example in Figure 1, where five solutifas..,e} are shown. This example shows a normalized
objective space (with two objectives) so that all solutialues fall in the interval0, 1] in each objective. The solution
d is dominated by both andb because it is greater in both objectives, and, likewise dominated by. The efficient
setis€({a,...,e}) = {a, b, c}, containing the non-dominated solutions. The rectangiesmpassing the regions that
are greater in both objectives than solutians, andc denote the hypervolumes (in this case, areas) dominated by
each solution. The union of the hypervolumes dominated bystt is the hypervolume of the set, and its magnitude
indicates the quality of the set. Notice that the space datathby the sefa, b, ¢} is larger than the space dominated
by {a, b}, making the former set a better solution set.

MOA* [17] (Table 1) and its variations [12] generalize thaditional, single-objective A* heuristic search algo-
rithm by operating on graphs whose edge costs are vectoch éfficient path from a start node to a terminal node
(a solution) has an associated non-dominated value vesgoia( to the sum of the edge costs). MOA* finds a set of
efficient paths from a source node to one of the terminal nbg@saintaining efficient sets for the familiar, scalar A*



constructs (g-, h-, and f-values, and backpointers). Thieieft set of g-values for each node represent the cost of all
efficient paths reaching the node, the set of h-values reptése estimated cost of all efficient paths reaching teaimin
nodes, and the set of f-values contains all efficient memdfairse cross-product of g- and h-values (i.e., each f-value
is the sum of a g-value with an h-value). Nodes in the MQ@&gen list follow a strict partial order and have potential
for expansion if one of their f-values are efficient with respto f-values of otheOpen list nodes and previously
found solutions. Our implementation expands a random efftaiode from th@pen list in each iteration.

MOA* is guaranteed to terminate with an optimal efficient gksolutions (a Pareto optimal set) when: i) edge
cost vector components are all greater than zero, ii) thehgisalocally finite, iii) the h-values are admissible, anji iv
there are no cycles. In this work, we violate two of these mggions: i) is violated in probabilistic planning because
goal satisfaction is zero for non-terminal actions, andsiviolated because the heuristics employed are inadotéssi
As such, it is not guaranteed the MOA* will terminate, nortthdinds the optimal set of solutions. These features
are obviously not very theoretically appealing, but we nbi they are necessary in practice because scalability
requirements and time constraints often prohibit optitpaind termination. We adopt an empirical anytime approach
to evaluating MOA* and characterize its performance oweeti While our case-study violates the requirements for
MOA* optimality, these limitations are easily overcome bymoying an admissible heuristic and enforcing non-zero
edge costs.

3 Computing f-values

The intuition for judiciously selecting which f-values toropute is based on the following observations. A* and
MOA* can, and often will, expand the same search nodes to fiset @f solutions. To find multiple solutions (each
with respect to a different preference over the plan objes}i A* must compute a new f-value for re-expanded search
nodes under each new preference. MOA* does not usuedhexpand nodes, and does not necessarily compute a
different f-value for each preference over the plan obyestinor does it require any preference).

Since it is possible for A* and MOA* to expand the same nodesfard the same solutions, whichever algorithm
with a lower combined per node and per iteration cost wilfgmen better. A*'s per node cost is dependent upon how
many times the node is re-expanded (i.e., its f-value isoraputed for a new preference) and its per iteration cost
relies on sorting th&®pen list. MOA*'s per node cost includes the cost of computing tiplé f-values and its per
iteration cost is predominantly incurred while finding tle¢ sf nodes with efficient f-values (its equivalent of sagtin
the Open list).2

With MOA?, it is possible to bootstrap a node’s f-values todfimultiple efficient solutions. For example, if a
node must be expanded to find all efficient solutions, thes @nough that one of its f-values places it within the
set of efficient nodes i€ (Open). If an oracle can determine which f-value, among the set skie f-values,
will make the node most competitive within the efficient det.( give the node the best chance of being efficient),
then computing only this f-value will lead to a lower per namest. This single f-value represents a set of positively
interacting solutions to be found by expanding the node.

Without an oracle, there are several options for computiedtvalues. All options balance two competing desires:
lowering the per node cost and giving nodes the best chanseyhg on the efficient frontief (Open). In the
following section, we examine three approaches to comgdtimlues for MOA* that address these competing desires.

4 Computing MOA* f-values

While there are many ways to compute f-values for MOA*, sushestricting the g-values or the combinations of
g- and h-values, we focus solely on methods for computinglbies. These methods include computing i) a single
h-value per node (called/+), ii) a uniform grid ofn h-values (called//n), and iii) a probabilistic choice between
computing a uniform grid of h-values or a set of h-values froom-dominated h-values of the parent node (called
M Nn). Each of these methods involves placing an upper boundldiubne objective, and then computing the

2Nodes removed from th€losed list in step 6 of Table 1 are technically re-expanded, buléies are only added, not recomputed.
30ur implementation of MOA* uses Kung’s algorithm [4] to finlakt efficient set in each iteration, with complexity»Q6g n) when there are
two objectives ana is the number of f-values of all nodes @pen.



value of the free objective with respect to the bounds. Waiabhultiple h-values by computing the free objective
value with respect to different bounds. The following expkthe intuition behind, and computation of, each method.

Single h-value M +: Computing a single h-value (i.e., selecting a single boumdhfi but one objective) is difficult
because it must represent the “cost to go” of an efficient&oldound via the node under consideration. Our desires
from the previous section are to lower the per node cost (wtén only decrease here by not computing an h-value)
and to compute a most competitive h-value. Without compaatditional h-values for comparison (e.g., by comparing
the hypervolume dominated by each), it is difficult to detexenwhich is the most competitive. Instead, we take an
approach based on the intuition that, by estimating theai$ie solution that is deepest in the search graph, we can
maximize potential for other solutions to be found whilersding for the deepest solution. Each bound objective in
the h-value is bound with its estimated deepest solutione/adnd the last, free objective is estimated with respect
to the bounds. Subsequently all h-values for different sate compared solely on the basis of the free objective
because the same bounds are use for the h-value of each node.

Multiple h-values Mn: Extending thel/+ method to compute several h-values can improve the coriveetiss of

a search node, albeit at increased cost. While one h-valyemeer lead to an efficient f-value, another computed for
the same node might. Similar ff +, Mn bounds the value of all but one objective and computes aruewaith
respect to the bounds. Each of thé-values bounds the values of the objectives differently.ealuate this method
by spacing the bounds uniformly, but note that other apgresithat bias the spacing may be viable as well.

Probabilistically Non-Dominated h-values M Nn: The M+ andMn methods are two extremes that either use very
few h-values to keep per node cost low or use many h-valuesdk sut many different plans. A simple way to
combine the approaches is to probabilistically select betwthem when computing the h-values for a node. While
M+ will save some effort expanding the node, it does not acclmunthich h-values caused the current node’s parent
to be expanded. There are likely to be only a very few efficferglues that caused the parent to be expanded, so
instead of computing a single value, we can compute a setvaflres similar to the parent’s efficient h-values (i.e.,
those h-values whose associated f-values were non-dcedindth respect to all other f-values of nodes in theen

list). The h-values are similar to the parent h-values bsedley use the same bounds on the fixed objectives and
recompute the free objective. In this manner, we can comipw@ues that are likely to be most competitive. By
probabilistically selecting betweeldn and computing h-values similar to the parent node, we calm éxlore and
preserve efficient h-values.

5 Case Study of Probabilistic Planning

Probabilistic planning is a naturally multi-objective ptem, where at its simplest, the plan objectives are the plan
length and probability of goal satisfaction. More pregisele use the risk (one minus the probability of goal satisfac
tion) so that we can minimize each objective. We choose tygtuobabilistic planning because it has one property
that largely simplifies our analysis and otherwise boostgigoal performance when comparing MOA* and A*. As
previously noted, MOA* associates cost vectors with segrelph edges; in probabilistic planning, all edges leading
to non-terminal nodes incur unit cost with respect to plargth and zero cost with respect to risk, however, edges
leading to terminal nodes incur zero cost for the plan leagitha possibly non-zero risk cost. The effect of this prop-
erty is that there is a single efficient g-value for each rermtnal node, meaning that multiple f-values for a search
node can only arise from computing multiple h-values.

The following subsections define the conformant probahilanning problem, its formulation as a graph search
problem in both A* and MOA*, and discussion of an existingaleability heuristic used in the search algorithms.

Conformant Probabilistic Planning: A conformant probabilistic planning problem is given by thple CPP =
(P, A, br,G), whereP is a set of propositions] is a set of actiong; is an initial belief state (probability distribution
over initial states), and' is the goal description (a conjunctive set of propositions)

A belief state is a probability distribution over all stagtedere each state is a set of propositions. The probability
of a states in a belief staté, P(s|b), is denoted(s). We say that a stateis in b (s € b) if b(s) > 0. The probability
that a belief staté satisfies the godF, is the sum of the probabilities of states where the goaltisfead (G C s).



An actiona € A is a tuple(p.(a), ®(a)), wherep.(a) is an enabling precondition, ade() is a set of outcomes.
The enabling preconditiop, (a) is a conjunctive set of propositions that determines adjgplicability. An actiona
is applicablexppl(a, b) in belief state if it is applicable in each state in the belief state;,p.(a) C s. The causative
outcomesb(a) are a set of tuple&w;(a), ®;(a)) representing possible outcomes (indexed)wherew;(a) is the
probability of outcome being realized, an@;(a) is a mutually-exclusive and exhaustive set of conditiofffgots
(indexed byj). Each conditional effeap;;(a) € ®;(a) is of the formp;;(a) — (5;;.((1),5;((1)), where both the
antecedent (secondary preconditipp)a) and positivesjj(a) and negative;j(a) consequents are conjunctive sets
of propositions. This representation of effects follows IiND normal form presented by Rintanen [15]. As outlined
in the probabilistic PDDL (PPDDL) standard [22], it is pddsi to use the effects of every action to derive a state
transition functior?'(s, a, s) that defines a probability that executim@ states will result in states’. Executing action
a in belief stateh, denotecbzec(a, b) = b,, defines the successor belief state suchith@t) = >, b(s)7T'(s, a, s').

A sequence of action&s, ..., a,, ), executed in belief statg results in a stat&, whereb’ = exec(am, exec(am,—1, ...
exec(ay,b) ...)) and each action is executable in the appropriate belief.sTdte probability that the sequence of ac-
tions satisfies the goal is the probability that the final dfeditate satisfies the goal. The number of actions in the
sequence is the length. As long as the sequence of actigrecteshe definition of applicability of each action, the
sequence (including the empty sequence) is a feasiblelpldnot necessarily an efficient plan.

Formulating CPP as Graph Search: We formulate CPP as both A* and MOA* search over the beliglesspace.
Each search node is a belief state, and each edge is an action.

A* search associates a unit cost with each edge, and defimeimts nodes as those nodes where the belief state’s
probability of goal satisfaction is no less than a givenshdd . The actions associated with edges leading to the
terminal node identify the plan. We find multiple solutionshwA* by invoking A* with different values forr.

MOA* search associates a cost vector with each edge. Thedingponent of the vector is the action execution cost
(as in A*), and the second component is the risk. Risk is amtyired when transitioning to terminal nodes, and only
action execution cost is incurred when transitioned to tewminal nodes. MOA* treats terminal nodes differently
than A* because it does not exit upon finding a solution (MQA* does not use a goal satisfaction thresheld
and pursues multiple solutions). MOA* adds a single, uniguminal node and unique edges for “quit” actions that
allow the search to choose to transition from any belieestatthe terminal node. The quit actions i) are applicable
to all belief states, ii) incur zero action execution cagtjmcur a risk cost equal to one minus the probability of goa
satisfaction of the belief state where applied, and iv) arteadlded to the plan extracted from the edges leading to the
terminal node. By using quit actions, MOA* can continue sbarg through nodes that satisfy the goal (with some
probability), but retain the solutions.

Heurigticsfor CPP: The most effective heuristics for CPP involve estimatingahst to achieve the goal with proba-
bility no less thanr [2, 6]. We employ the McLUG technique described by Bryce ef2jlto compute relaxed plans,
using the number of actions as the heuristic. The appro&emtay Bryce et al. [2] to compute the heuristic for a
belief state and value af is to compute: deterministic planning graphs and extract a relaxed plahabhieves the
goals in at leasktr of the planning graphs. Each planning graph is determiniscause it is built with respect to a
state sampled from the belief state and sampled outcomexbfobabilistic action in each action layer. Symbolic
techniques make the construction of multiple planning lysagnd the relaxed plan efficient.

In MOA*, the heuristic is computed once for the boune: 1.0 in M +. For example, when = 1.0, the relaxed
plan might contain ten actions; in this case, MOA* would addhavalue vector(10,0.0) (i.e., 1.0 — 7 = risk).
The Mn method computes the heuristic for each bound {1/n,2/n,...,n/n}, adding the set of h-value vectors
(c1,1—=1/n),(ce,1 —2/n),..., (¢n,0.0), wherecy, co, ..., ¢, are the numbers of actions in the relaxed plans for each
value ofr. With probabilityp = 0.5, the M Nn heuristic uses th&/ N heuristic and, with probability — p computes
the relaxed plan heuristic for the same values tiat the non-dominated parent h-values computed.

6 Empirical Evaluation

We compare A* to multiple versions of MOA* (using differenetristic computation strategies) on several CPP
problems across four domains. The questions that we attenapiswer are:



o Will multiple invocations of A* with different preferences one invocation of MOA* with no preferences find
a better set of solutions, find the set faster, or both?

e Which method for computing h-values in MOA* will perform hi@s

The following describes the evaluation metrics, domaims tést environment, and results.

Evaluation Metrics: As previously mentioned, we measure the quality of a set lotisms by its hypervolume. We
can measure the hypervolume over time with MOA*, but bec@ddinds a single solution at a time, only measuring
its hypervolume over time is not as appealing. Thus, we caenpiset of solutions using A* and also compare the
total time taken by MOA* to find a plan set with the same or beligpervolume. We also compare the maximum
hypervolume found by each technique, within twenty minfibeMOA*, and for the fixed number of solutions found
by A* (where each invocation to find a solution is given a twemtnute limit).

Domains. The evaluation domains include an artificial domain, calBrél and Ladder (GL), and several domains
from the CPP literature, including Logistics, Gripper, @ahd Castle.

The GL domain is an adaptation of the Grid domain presentddiafil and Bacchus [8] that adjusts the degree of
positive interaction and independence among the non-datadrplans. GL includes five actions: move-right, move-
left, move-up, move-down, and climb. The move actions hheeeffect of moving along the intended axis with 0.8
probability and the effect of moving laterally along the ettaxis with 0.1 probability in each direction. The initial
state starts the agent at one corner of the grid (with céybaiand the goal is to reach the opposite corner and reach
the top of the ladder. The deterministic climb ladder actian only be performed in the destination corner once for
each rung of the ladder and, once executed, prevents fumitne actions (it is possible to climb the ladder, but not go
down and move about the grid). The probability of achievimggoal is equal to the probability of reaching the corner
with the ladder because the climb action does not changertimpility of goal satisfaction (assuming the goal of
being at the top of the ladder is attained by repeated clirtibrag). Alternative solutions perform different sequesnce
of grid moves to reach the corner with different probal@itand plan lengths, and all plans must climb the ladder. The
problems vary the size of the grid and the height of the ladddarger grid equates to longer positively interacting
plan prefixes, and a ladder with more rungs equates to longependent plan suffixes. GL presents challenges to
MOA* because computing too many h-values during the gridersal phase of the plan is costly, but additional h-
values are required prior to the ladder climbing phase td gearch to find alternative plans. GL also challenges A*
because it must recompute the f-value for many of the sameswithin the plan prefix.

The other domains are not modified from their original varsito help gauge the MOA* approaches in problems
without clear structure. Logistics [8] involves probasiic (un)load actions and initial belief states where pgeka
locations are uncertain, and we use the instance p2-242 twit cities, two packages, and two possible locations for
each package. Gripper [9] involves several machining dgjperato manufacture widgets that work probabilistically.
Sand Castle [11] involves two actions to build a castle oraligoat, both of which are probabilistic and effect the
success of the other. GL and Logistics are relatively chglleg domains that cause state of the art CPP planners to
struggle, whereas in Gripper and Sand Castle are fairlylsimp

Environment: All experiments were conducted on a 3Ghz Xeon processorimgririnux with 8GB of RAM. All
code was written in C++ and is based on the POND planner [#] adirhypervolume computations were done offline
after planning. The McLUG heuristic computed for the GL dimased 32 planning graphs per h-value, and 128
planning graphs per h-value in the other domains. The cosgra of hypervolume across instances were with
respect to the same lower and upper bounds on each objetivg(ited from the planner output). The results for
A* are averaged over five runs of computing plans for the séhi@fsholds and the MOA* results are averaged over
five invocations on each problem. A* is invoked with threstedl0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0} for each
problem. Invocations not returning a solution are not cedrn the results.

Results. Figure 2 shows the hypervolume achieved over time for nimblpms in the GL domain, where each is a
grid of size three, six, or ten, and has a ladder of height s8ig,0r ten. Each row of plots in the figure is a common
grid size (increasing in size with each row), and each colghmres a common height ladder (increasing from left
to right). There are four methods shown in each plot: A*, MO&ith /10, MOA* with M N2, and MOA* with

MN10. Some methods described in the accompanying Table 2 ardhownsn the plots because they were not as



G/L AF AF M+ M+ M2 M2 | M10 MI0| MN2 MN2 | MN1I0 MN10

T(s) HV T(s) HV| T(s) HV| T() HV| T(s) HV| T(s)  HV

3/2| 255 060 214 0.64] 466 063 4536 063 195 063 1094 0.63

3/6| 9.12 0.40| 1211.68 0.41] 10.48 0.43| 109.56 0.43| 27.24 0.42| 37.64 0.42

3/10| 42.08 0.27 - - | 2458 0.29]208.48 0.28 61.90 0.27| 82.44  0.27
6/2| 3467 0.47] 47.33 050] 322.80 0.47 - 0.39| 21.07 048] 4523 0.47

6/6| 69.47 0.29| 470.21 0.29| 107.82 0.30 - 0.26| 4475 028 5899  0.30

6/10| 238.14 0.23 - - | 207.63 0.24 - 0.17|137.30 0.23] 9050  0.24
10/2 | 481.47 038 139.32 0.39] 349.38 0.38 - - 122.49 0.38 319.03 _ 0.38
10/6 | 562.31 0.26 - 0.18| 753.27 0.26 - - | 361.63 0.26/ 588.06  0.26
10/10| 867.51 0.18 - - | 84573 0.18 - - | 20528 0.18/ 719.37  0.20

Table 2: A* versus MOA* in GL Domain

A*  A* M+ M+ M2 M2 | M1I0 M10| MN2 MN2 | MN10 MNI10
T(s) HV T(s) HV| T(s) HV | T(s) HV| T(s) HV T(S) HV
Log p2-2-2| 32.01 0.15| 129.00 0.41] 98.03 0.16 - - | 54.30 0.28]| 132.64 0.28

[ Gripper| 1.74 0.87] 247 004] 073 005] 307 005 046 0095 1.00  0.95]
[SandCastld 2.33 0.88] 001 0.89] 1.34 006 479 0096 134 0096] 259  0.95|

Table 3: A* versus MOA* in Logistics, Gripper, and Sand Casllomains

competitive. Table 2 includes results for thé+ and M G2 methods, and the data is the average time taken in seconds
to exceed the average hypervolume found by A* (T(s)) and¥keesge maximum hypervolume found by each method
(HV). The T(s) and HV results for A* are the average time takeriind the average hypervolume using A*, and
the T(s) results for all other methods are the time taken teed the A* HV. The HV for all other methods is the
maximum hypervolume found before the timeout. The “-” esgrindicate that either no solution set could be found
that exceeds the A* hypervolume, in the case of T(s), or tbatimgle solution was found, in the case of HV.

The plots that show the hypervolume over time indicate theff N» method tends to find the most hypervolume
of the MOA* methods, outperformingy/ + and M n, especially as the problems become larger. We also seesttiat a
problems become larger, usidg N 10 is required to find more hypervolume. A* tends to find its firslusions very
quickly, and it takes longer for the MOA* methods to find thi@ist solutions. However, MOA* tends to attain quite a
bit of hypervolume earlier than A*. As the problems becomeertifficult, MOA* takes increasingly longer over A*
to find initial solutions, but finds considerably more hypdume within a short period of time thereafter. Note that
small improvements in hypervolume later in the search aténs@nificant because they represent new and improved
solutions that may be difficult to find despite the small hyparme they add.

Figure 3 and Table 3 present results for the other domainslhioa trends similar to those seen in the GL domain.
The MOA* approaches tend to find solutions later than A*, bfieo find much better solutions as measured by
maximum hypervolume. The difference in hypervolume is ey pronounced in the Gripper and Sand Castle
problems because these problems have many solutions whaisshjlity of goal satisfaction falls in the interval [0.9,
1.0]; and, because we use only use the extreme points ofitkival as values for in A*, it misses many solutions in
the interval. MOA* does not use bounds on the objectives amdseek out all the solutions within intervals that are

created by the bounds — leading to more hypervolume. By tiedeana priori set of preferences on the objectives,
A* cannot find some solutions.

Summary: From our analysis, we have seen the following trends in comg&OA* and A*:

o MOA* improves the quality of solution sets over A* becausis imot limited to finding a predetermined number
of solutions, and it continues to search and improve uposahgions.

e TheM Nn method for computing h-values is the most effective MOAtieiue because it balances exploration
with the retention of efficient partial solutions.
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Figure 2: Hypervolume Over Time for GL Domain

e The M+ method does not pursue enough different solutions to atigimhypervolume, or the domains tested
did not have a large degree of positive interaction amongahgion sets.

e The Mn method was useful for finding high hypervolume in smalletgems, but failed to scale well.

e A*is fast to find a first solution, but much slower than MOA* atding a set with large hypervolume.

7 Related Work & Discussion

Multi-objective problem solving has been previously sadtlin planning [7, 1, 14, 5, 18]. However, to our knowledge,
all prior works study how to best formulate preferences dherobjectives and solve a single objective problem. As
discussed in the previous section, iteratively solvinggrablem with different preferences as a single objectiabpr
lem can not only miss solutions, but may take consideralrigéo, or fail, to find a set of solutions with comparable
quality.

The work of Van den Briel et al. [18] on partial satisfactiolanqming (PSP) is especially close to our study of
probabilistic planning. PSP allows for the satisfactioracfubset of goals with utilities, where CPP allows for a
probabilistic satisfaction of all goals. Thus, both prabiehave the same interesting property in MOA*: there is only
one g-value for each search node, and the only way to obtditipheu-values is by computing multiple h-values. We
expect that applying MOA* to PSP would attain results simitathose presented in this work.
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Figure 3: Hypervolume Over Time for Logistics, Gripper, &ahd Castle Domains

Finding a set of diverse solutions to planning problems igvgortant problem recently studied in planning [16].
Srivastava et al. [16] construct solutions that are diverble respect to a distance measure, defined in terms of the
causal structure of the plans. We take a different approabbre we find plans that are diverse in their objectives.
These two approaches can be seen as complementary, the finuigg diversity in the decision space, and the latter
finding diversity in the objective space.

MOA* was originally studied by Stewart and White [17], shagiconditions for optimality, and termination.
More recently, Mandow and de la Cruz [12] modified the aldmito expand the different f-values of a node within
each iteration, where the original algorithm expanded thdenitself. Our implementation is based on the original
algorithm, and our work explores which f-values to compatpic not discussed by prior work on MOA*,

8 Conclusion and Future Work

We have shown that MOA* can find a bettatof solutions than A* by balancing the explorative capapéittained by
increasing the number of f-values per node with the dectgasenode cost associated with computing fewer f-values.
The most effective technique for computing a node’s f-valtadomly chooses between computing a uniform grid
of f-values and recomputing the f-values proven efficienitbparent node. By finding a better set of solutions more
quickly, MOA* is a viable choice for computing multiple sdions for a problem. Moreover, the efficient solutions
are naturally diverse in the objective space. The limitagiof MOA* are that when users have clear preferences it is
rendered unnecessary, and as found by our evaluation, liecamore efficient to perform multiple A* searches when
the non-dominated solutions share few common search nodes.

In future work, we intend to explore additional techniquasdomputing h-values, methods for managing multiple
g-values per search node, other types of planning problsuch (@s PSP), and planning with more objectives. We are
also interested in combining our approach with techniqaefiriding plans that are diverse in the decision space (i.e.,
causally diverse).
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