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Abstract

Probabilistic planning is an inherently multi-objectiveoplem where plans must trade-off probability of goal
satisfaction with expected plan cost. To date, probatgiligan synthesis algorithms have focussed on single dagect
formulations that bound one of the objectives by making sometural assumptions. We show that a multi-objective
formulation is not only needed, but also enables us to (iegEe Pareto sets of plans, (i) use recent advances in
probabilistic planning reachability heuristics, and)(@legantly solve limited contingency planning problemse W
extendLAO™ to its multi-objective counterpaf/ OLAO*, and discuss a number of speed-up techniques that form
the basis for a state of the art conditional probabilistanpler.

1 Introduction

Probabilistic planning is the inherently multi-objectipmblem of optimizing both plan cost and probability of goal
satisfaction. However, as both Kushmerick, Hanks, & Weld9d) and Littman (1997) point out, it is possible to
bound one of the objectives and optimize the other with alsingjective search. For example, conformant (non-
observable) probabilistic planning can be formulated amadrd-chaining (single objective) A* search in the space
of belief states that optimizes plan cost. If the search fmbsglief state satisfying the goal with probability no less
thanr, then the action sequence leading to it is a feasible plan.

When it comes to conditional planning however, the situatomore complex. The probability of satisfying
the goal is the expectation of satisfying it in each branch.efsure plan feasibility (i.e., the probability of goal
satisfaction exceeds, we must consider both (i) the probability of executingtebanch and (ii) the probability that
each satisfies the goal. In conformant planning (i) is alwh@s making (ii) a belief state property. In conditional
planning, feasibility is a property of the entire plan (thgh aggregate probabilities of branches). Naturally,rdyri
synthesis there may be many sub-plan options within therifft branches. Finding a cost-optimal feasible plan
involves deciding between sub-plans (in each branch) ta kifferent costs and probabilities of goal satisfaction
Unfortunately, as the following example illustrates, itnist possible to decide which sub-plan is best in one plan
branch without considering sub-plan options in the oth@nbhes. That is, we need to somehow combine these
non-dominate@ptions across branches.

Example: The conditional planr (Figure 1) starts with action, which provides two observations and has an ex-
ecution cost of one. In the branch corresponding to the fibsteovation (whose probability is 0.2) it is possible to
execute sub-plan; that achieves the goal with 1.0 probability and expected 66sor 7, with 0.5 probability and
expected cost 10. In the branch for the second observatibag@probability is 0.8) it is possible to execute sub-plan
w3 that achieves the goal with 0.75 probability and expectest 80 orm, with 0.0 probability and expected cost 0.
The sub-plan choices result in different plans:
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Figure 1:Example of Conditional Probabilistic Planning.

Planst | E[Cost(r)] Pr(G|r)

a, [m|ms] | 1+(.2)50+(.8)30 =35 (.2)1+(.8).75
a, [malms] | 1+(.2)10+(.8)30 = 27| (.2).5+(.8).75
a, [m|mg] | 1+(.2)50+(.8)0 =11| (.2)1+(.8)0
a, | ] | 1+(.2)10+(.8)0 =3 | (.2).5+(.8)0
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If 7 = 0.6, then using sub-plans, andr; exceeds the threshold with a minimal expected cost of 27ichlthat if
we commit to sub-plans in each branch without considerihgmoibranches, we may choosgandns (because each
individually exceeds). Yet, this aggressive (and incomplete) strategy finds sili@aplan with ehighercost of 35.

Ouir first contribution (a solution to this problem), is to @gkuch pre-mature commitments in each branch with
bottom-up dynamic programming in belief state space. Eatibftstate maintains a set of non-dominated sub-plans
and, through multi-objective dynamic programming (Herdi§83), communicates these options to its ancestors. It is
only possible at the root (initial belief state) to sele@ #ub-plans that correspond to a cost-optimal feasible plan

Since we cannot enumerate the (infinite sized) belief sfadeesto perform multi-objective value iteration, our
second contribution is to search forward from the initialiéfestate using a multi-objective generalization of the
LAO* algorithm, calledM OLAO*. Since the cost-optimal feasible plan is one of several chaminated plans,
MOLAO* readily computes Pareto sets of plans.

At first glance, it would seem as if combining multi-objeetigptimization and probabilistic planning (two no-
toriously computationally difficult tasks) will not scaleéur third contribution is aimed at taming the complexity
of the search, by pursuing a number of speed-ups. The maableadf these speed-ups is to use existing planning
graph reachability heuristics (Bryce, Kambhampati, & $i006) to guide the search. We also discuss variations on
MOLAO* that focus synthesis on likely branches, reduce the coritplekdynamic programming, and reduce the
size of Pareto sets by usimgdomination (Papadimitriou & Yannakakis, 2003).

We also take advantage of the multi-objective formulatmmtlude other objectives. In our fourth contribution,
we pursue limited contingency planning (LCP). Our approachCP trades the complexity of increasing the state
space, as Meuleau & Smith (2003), for the complexity of usingther objective: the number of plan branches.

In the next section, we formally define our planning modele Tailowing section discusses two single objective
dynamic programming formulations of conditional probait planning and shows how they rely on very restrictive
assumptions. We then show howavelmulti-objective formulation lifts these assumptions ie guccessive section.
The next section describédg O L AO* and our speed-ups, followed by an empirical evaluationsewgsision of limited
contingency planning, related work, and conclusions.



2 Background & Representation

We describe our planning models in terms of flat Markov decigirocesses (MDPs), but note that our underlying
implementation is propositional. We are interested iniplytobservable planning, but to simplify later sectiong
describe the partially observable model as an equivaléigtdbservable belief state MDP.

Full Observability: The fully-observable model is given by, A, T, s;, G), defined as a set of statés a set of
actionsA, a state transition relatiofi(s, a, s’), an initial states;, and a goal state functiafi(s). The state transition
relation describes a probability distributiofys, a, s') = Pr(s’|a, s). A subset of actionsl(s)CAUL is applicable
in each state. The_L action signifies no action is performeddn The goal state functio& : S — [0, 1] maps each
state to a probability it satisfies the goal. In this mod&ls) = 1 or G(s) = 0 for every state (later we will see that
0 < G(s) < 1in belief state MDPs). Applying an action incurs a cogt), which we will assume is uniform in this
paper (with the exception that L) = 0).

Partial Observability: The partially-observable MDP model is givent#y, A, T, b;, G, O, 2), defined as before, and
by an initial belief staté;, an observation functiof (s, a, 0), and a set of observatiofs A belief stateh : S — [0, 1]
is a probability distribution that maps each state to a poditya such that) ¢ b(s) = 1.0. We say thas < b for all
states wheré(s) > 0. The setd(b) = NsepA(s) contains all actions applicable in a belief stateThe observation
functionO(s, a, 0) = Pr(o|a, s) is the probability distribution over observationg €2 received upon transitioning to
states after executing action.

We define the belief stafg, reached by applying in belief stateh asb, (s') = ZSES b(s)T'(s,a,s’). The belief
stateb? is the belief state after receiving observation belief state,, defined a$? (s') = aO(s’, a, 0)b,(s"), where
« is a normalization factor. The probability of receiving ebstiono in belief stateb, is T'(b,a,0,02) = a =
2 ses ba(s)O(s, a,0).
Belief state MDPs. To clarify the correspondence between the fully-observaht partially observable model, con-
sider the following transformation, called a belief statBRI The belief state MD[PS*, AT, Sbys G‘) for the partially-
observable MDR S, A, T, b;, G, 0O, Q) is given by several equivalences, where each siate S corresponds to a
belief stateh, andsy, is the initial (belief) state A is an unchanged set of actions, whelg,) = A(b) is the set of
actions applicable in. The transition relatiof’ (3, a, 5pe) is equivalent tdl’(b, a, o, b7). G is the probability each
(belief) state satisfies the goal, such thgf;,) = > scs b(8)G(s). Inthe following, we ignore all distinctions between
belief state MDPs and fully-observable MDPs, where possifiiven the above equivalences.

3 Single Objective Formulations

Most works that address conditional probabilistic plagraptimize a single objective: probability of goal satisfan
or expected cost. We describe these approaches and chiamtteir Bellman optimality equations.

Maximizing Probability: Optimizing the probability of goal satisfaction complgt&nores plan cost, except, per-
haps, when breaking ties between plans that satisfy thengthathe same probability. With no concern for plan cost,
it is possible to search for increasingly longer plans torimep the probability of goal satisfaction. An often used so-
lution to this problem is to assume a finite horizon (Maje&ikittman, 2003; Little, Aberdeen, & Theibaux, 2005),
and find the highest probability horizon plan. The Bellman equation to minimize the probghdf not satisfying
the goal for each state for each horizo < ¢ < k is:

J(s,1) arer}i?s)q( ,t,a)

m(s,t) = argming(s,t,a)
acA(s)

q(s,t,a) = > T(s,a,8)J(s",t +1)
s’es

andJ(s,k) =1 — G(s). The objective is to compute the minim&(s;, 0) and the corresponding plan

In the example (Figure 1), each sub-planto 7, could have the same expected length, assuming there are per-
sistence actions. Ik = 51, then the optimal plan would select sub-plansand s because they maximize the
probability of goal satisfaction. This formulation doeg eaplicitly permit heterogenous length plan branches, nor
does it accommodate action costs.

Minimizing Expected Cost: Another solution is to optimize expected cost to reach tha.gbis customary to assume
a costcg of not reaching the goal to make the objective a linear coatinn of probability and cost. This is analogous



to reward models that assign negative reward to actions asitiye reward to goal states. The Bellman optimality
equation for minimizing expected cost for each staite

J(s) = nin q(s, a)
m(s) = argming(s,a)
a€A(s)
q(s,a) = cla)+ ZG:ST(S,CL,S/)J(S/)
q(s, L) = ca(l—G(s))

The objective is to compute the minimé(s;) and the corresponding plan

Each choice for indirectly influences the optimal probability of satisfgithe goal, given the costs of potential
plans. To see this, consider how the valuedgraffects the choice between andm, in the example. Itz = 79, then
m has a total cost of (1-1)79+50 = 50 and has a total cost of (1-0.5)79+10 = 49.5, makinga better choice. If
cg = 81, thenm, has a total cost of (1-1)79+50 = 50 angl has a total cost of (1-1)81+10 = 50.5, makinga better
choice. However, itz = 80, thenr; has a total cost of 50 and, has a total cost of 50, making the choice ambiguous.
With a small variation ircg the best plan (and the probability of goal satisfaction) claange. To model a problem
with a probability of goal satisfaction threshold requikemwledge of the costs of alternative plans. However, if we
knew the costs of alternative plans, then what is the poinisofg an automated planner?! Nevertheless, optimizing
expected cost/reward does have its merits when the pratyadfilgoal satisfaction is not of primary concern to the
domain modeler.

4 Multi-objective Formulation

Instead of carefully engineering problems by imposing azoor bound or a cost for failing to satisfy the goal, it is
possible to directly solve the conditional probabilistlaqming problem with a more natural multi-objective formu-
lation. The formulation can (i) minimize plan cost, subjezt lower bound on the probability of goal satisfaction
(omitting a horizon bound and goal cost), or (ii) find a Pasetbof plans when there is no bound on the probability of
goal satisfaction. Committing to a multi-objective forratibn opens the possibility for other objectives (e.g., bam
of branches, makespan, resource consumption, etc.), scasery a general multi-objective formulation and point out
specific details for computing the expected cost and prdibabf goal satisfaction objectives. In a later section, we
discuss limited contingency planning by introducing thenbwer of branches as a third objective.

We introduce an extension to the value function, such ftfaj becomes a Pareto set. Each point of the Pareto
setq(s,a) € J(s) represents a vector of objectives, such thai(s,a) = (qo(s,a),q(s,a),...,gn—1(s,a)), and

J(S) = {q(S, a)|j3q’(s,a’)€,](s)q/(sv a/) = q(S, a)}
where J(s) contains only non-dominated points. A poiits, ') dominates anothey(s, a) if it is as good in all
a') < q(s,a) & Vidi(s,ad') < qi(s,a)A
3iqi(s,a’) < qi(s,a)

Each point is mapped to a best actionyi.e., 7 (s, ¢(s,a)) = a), making it possible for two sub-plans to start with
the same action but have different values.

Eachq(s,a) € J(s)is computed in terms of its successors’ values. Becauseseachssory, s”, ...) is associated
with a Pareto setf(s), J(s"), ...), itis possible to define a differeq(s, a) from each element(s’, a'), ¢(s”, a”), ...)
of the cross product of the Pareto sef$d) x J(s”) x ...). We saw this in the example, where it was possible to have
|J(8,)| = 4 becausej(5p,)| = |J(8,)| = 2. The cross product of (5, ) andJ(3,,) contains four elements, each
used to define an element®f3;, ). The actual number of elements in a Pareto set may be lesadgesame elements
will be dominated.

We define expected cost and probabilitynot satisfying the goal objectives for probabilistic condité planning,
q(s,a) = (qo(s,a),q1(s,a)), such that:

/
objectives, and strictly better in at least oné: (s,

qo(s,a) = cla)+ ZST(s,a,s’)qg(s’,a’)
s'e
qo(s,L) = 0
q(s,a) = ZG:ST(S, a,s)q, (s, a") (1)
a(s, L) = 1-G(s)

Eachq/(s’, o’) in the above equations is from an element of the cross pradsciccessor Pareto sets.



From the exampleJ(s,,) = {(35,0.2),(27,0.3), (11,0.8),(3,0.9)}. The first element of/(3;,) is defined
by ¢(5s,, (50,0.0)) € J(5,) andq(3s,, (30,0.25)) € J(5,) asqo(3p,,a) = 1 + (0.2)50 + (0.8)30 = 35 and
q1(3p,;,a) = (0.2)0.0 4 (0.8)0.25 = 0.2.

To solve the probabilistic conditional planning probleng are interested in finding a plan starting with the action
a = 7(s1,(qo(s1,a),q1(s1,a))) such that the plan has minimal cagk;, a) = ming(, .)es(s;) qo(s1, @) Subject to
the goal satisfaction threshotd< 1 — ¢; (s, a). The remaining actions in the plan are those actions usedfioed
eachq(s, a) for the actions in the plan. For example, if the plan startexscutingz and it results in a single staté
then the action to execute iis o’ whereq'(s’, a’) was used to computgs;, a).

Computing the Multi-objective Bellman Equation: Computing the multi-objective Bellman equationcefor a
states can takeO(|A(s)||J(s")|!®!) time becauseA(s)| actions are applicable is, each results in at mog§| suc-
cessor states, and there ar¢J(s’)| Pareto optimal sub-plans for each stalteln a later section, we identify ways to
reduce this complexity by limiting the size of the Paretes sét).

5 Multi-objective LAO*

Hansen & Zilberstein (2001) introduce Looping AQZ AO*) search as a technique for solving stochastic shortest path
and MDP problems. Unlike the traditional value iteratiorl golicy iteration techniques for solving MDP problems,
LAO* generalizes AO* search (Nilsson, 1980) to handle loopsénsemarch graph. The idea is to expand a limited
region of the state space, over which value iteration is ts@tkentify a partial plan. In each iteratiohAO* expands
unexpanded fringe states of the partial plan, and perfoahiteration. If the fringe state values are initializeithw

an admissible heuristid, AO* terminates when it identifies an optimal solutiohAO* termination relies on two
criterion: the difference between upper and lower boundhewvalue function is below a threshold, and the solution
contains no unexpanded states. In our setting, soluti@glans and not policies, meaning every plan path eventually
ends in a terminal state. By labeling terminal states as/&stil(as done in AO*), we can propagate solved labels to
identify if a solution contains unexpanded states.

The main generalization needed for a multi-objectO* (M OLAO*) is to reinterpret the/-values as/-sets
and compute them as such. This also means that there maydyalsen-dominated partial solutions thidiO L AO*
can expand each iteration. Figures 2 and 3 describ&tbd. AO* search algorithm using-sets to find a Pareto set
of conditional plans. Tha/OL AO* function in Figure 2 contains the outer loop that caigandPl an to compute
a set of states Z that are reachable by the set of non-dordipatéal plans. To ZAddAncest or s adds all states
that can reach a statec Z with a non-dominated plan. The set of partial plans is exvisy callingVl (Z) to update
J(s) foreachs € Z. WhenConver genceTest indicates that/(s;) has converged (i.e, all non-dominated solutions
are labeled solved, and upper and lower bounds on their véleelow a threshold), it is possible to stop.

The ExpandPl an function recursively traces each non-dominated parteh glines 7-13) to find leaf states to
expand (lines 4-5). ThExpandSt at e function applies each action € A(s) to generate successor states. Each
successor staté has its Pareto sef(s’) initialized and expanded) is set equal to zero. Initializind(s’) involves
adding a poing(s’, L) where solved(f(s’, L)) is true, indicating that it is possible to end the plas’atWe can also
add heuristic points(s, ) to J(s) that indicate heuristic estimates of non-dominated salnspl Each heuristic point
is marked unsolved. Through dynamic programming, e&gh will contain some heuristic points that indicate the
value of partial plans rooted at Later, we discuss which and how many heuristic points we use

TheVI function performs value iteration on a set of states (iteratively callingBackup, Figure 3, for each state
until the maximum change in somk s) falls below a threshold). ThBackup function computed(s) by applying
every action in the loop (lines 2-9). For each actidn,s the cross product of Pareto sets of successor statesjline
For each element € W, a pointg(s, a) is computed (as in Equation 1) with the poigtés’, o') € w (line 5). Each
new point is marked solved if each of the successor pointsdved (line 6). ThdJpdat eDom nance function (line
7) maintains the Pareto set by checking if each new pointiisidated, or dominates points already in the Pareto set.

We deliberatively leav€onver genceTest andConput eEr r or undefined because space precludes a thor-
ough analysis of the solution error. Instead, in the follagyiwe introduce a variation ol OL AO* that we use to
computefeasibleconditional probabilistic plans quickly. Many of the spaggk involved will affect completeness
and admissibility. In future work, we will analyze the valiberation error and conditions for optimality by using the
notion of hyperarea difference (Wu & Azram, 2001).



MOLAO*()

1 =0

repeat
Z = ExpandPl an( sy, i)
AddAncest ors(2)
VI (2)

until (Conver genceTest (s;) == T)

ExpandPl an(s, 1)
1: if expanded) < i then

22 Z=Z7ZUs

3 if expanded{) == Othen

4: expanded() =

5: ExpandSt at e( s)

6: €lse

7 expanded() =

8: for q(s,a) € J(s)s.t. ~solvedg(s,a)) do
o: for s’ € S:T(s,a,s") >0do
10: Z' = ExpandPl an(s’,1)
11: Z=720Z

12: end for

13: end for

14:  endif

15: end if

16: return Z

Figure 2:MOLAO* Search Algorithm.

Backup(s)
1 J(s)=10
2: for a € A(s) do
3 W= X J(s")
s":T(s,a,s’)>0
4. forwe Wdo
5: Computey(s, a) with eachq’(s’,a’) € w
6: solvedg(s,a)) = A  solvedg'(s',a’))
q'(s",a’")ew
7: Updat eDomi nance(q(s,a), J'(s))
8 end for
9: end for
10: error =Conput eEr r or (J'(s), J(s))
11: J(s) = J'(s)

12: return error

Figure 3: MOLAO* state valuBackup.

51 MOLAO* Speedups

In the following, we describe four improvements 36O L AO* that help find feasible, but suboptimal, solutions

quickly. The first is a modified version aff OLAO*, named mi/OLAO*. The second describes heuristics. The
third involves Pareto set approximations. The fourth sates the current partial plan to focus synthesis, similar to
RTDP (Barto, Bradtke, & Singh, 1995).

MM OLAO*: The variation ofM OL AO* that we pursue is very similar to the “efficient” versionlolO* presented
by Hansen & Zilberstein (2001) (c.f. Table 7). The idea is ¢anbine value iteration with solution expansion by



MV OLAO*()

1.5=0

2: repeat

3:  nExpandPl an( s;,itT)

4: until 3,5, .0)e(s,)feasibléq(ss, a))

nExpandPl an(s, 7)
1: if expanded) < i then

2. if expanded{) == Othen

3 expanded{) =

4 ExpandSt at e( s)

5.  €ese

6: expanded{) =

7: for q(s,a) € J(s) s.t. =solvedq(s, a)) do
8: for s’ € S:T(s,a,s’) >0do
9: nExpandPl an(s’, 7)

10: end for

11: end for

12:  endif

13:  Backup(s)

14: end if

Figure 4:Modified MOLAO* Search Algorithm.

calling theBackup function for each state after recursively calliBgpandPl an for each of child state reached by
an action inJ(s). Figure 4 describes our version of théO L AO* algorithm that not only combines value iteration
with solution expansion, but also stops whefeasible(labeled solved) solution satisfies the goal with probgbiid
less tharr. We omit the convergence test used in LAO*, so that we canattipe first feasible plan.

MOLAO* Heuristics: Adding heuristic points increases the sizeJeets, which we previously noted as a major
source of complexity in computing state backups. Therewoetéchniques we use to mitigate the increasd-set

size. First, we use a single heuristic point that estimatescost to satisfy the goal with probability 1. Second, we
limit how solved and not solved points are combined in thiedtackups. Specifically, we only combine solved points

with solved points, and not solved points with not solvechpmi Formally, we replac8’ in line 3 of Backup with
/.

W' =W\{w|q(s,a),q (s',a") € w,w € W,
solvedq(s, a)) # solvedq’(s',a’))}

If we let J,.;(s) denote all solved points and}, (s) denote all not solved (heuristic) points for a statehen
restricting the combination of solved and not solved paivitsbring the complexity of computing the multi-objective
Bellman equation fron® (| A(s)|(|Jsor (s)] + | Jn(5))!°1) to O(| A(8)|(| Jsor (8)|/° 4 | T (s)|I%1)). Notice that because
we use a single heuristic point per Pareto set and combimegdaithis fashion, there will only be a single partial plan
expanded in line 7 afExpandPl an (i.e.,Vs|J,(s)| = 1).

The specific heuristic that we use is extracted from MeLUG (Bryce, Kambhampati, & Smith, 2006). It
estimates the cost to satisfy the goal with at least a givebahility (which we set to 1.0) by computing a relaxed
plan. TheMcLUG relaxed plan estimates the conformant probabilistic ptzst,avhich can be seen as an additional
relaxation that ignores observations. We also compareanitbn-heuristic strategy where we set the cost to reach the
goal with 1.0 probability to zero.

Approximating Pareto Sets. As with most multi-objective optimization problems, a Rarset can contain an expo-
nential number of non-dominated solutions. There exisange of techniques for computing these Pareto sets and
we explore one idea to reduce their size. It relies on theonaif e-domination (Papadimitriou & Yannakakis, 2003)
to prune solutions. By inflating each objective of other gléms by a factor of + ¢, it is possible to approximate the
Pareto to within a relative error efin each objective by using a different definition of domipati

q(s,a") < q(s,a) & Vigi(s,a") < (1 +€)q(s,a)
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Figure 6:Expected Plan Cost vs. for Coffee Robot, GO-5, and Ship-Reject.

The resulting Pareto set is polynomial sized in the numbesuttplans aneg (c.f. Theorem 1, Papadimitriou &
Yannakakis, 2003), but may still take exponential time topate. However, because the number of non-dominated
sub-plans tends to increase during bottom-up dynamic progning (i.e., a parent’'s Pareto set is exponential in its
childrens’ Pareto sets) pruning more sub-plans can haveya &ifect. In future work where we analyze the error in
MOLAO*, we intend to incorporate the error introduced by approximgethe Pareto sets.

Randomized Expansions. Instead of expanding every leaf state of the current pgptéa, it is possible to expand
a single leaf state that is reached by simulating the paptat. This variation oM/ OLAO* called MOLAO*"
samples a single successor stdtérom the transition relation in line 8 afExpandPl an instead of iterating over
every successor. The intuition for this variation is to camicate plan synthesis on the most likely plan branches.

6 Empirical Results

We implemented/ O L AO* within the PON D planner to take advantage of its reachability heuristicsmated from
the McLUG. In the following, each reference fd O L AO* is with respect to the modified version (described above).
Given our description of approaches for solving conditlggrababilistic planning, it seems that no previous work is
directly relevant for empirical comparison. As a coarse parison, we use the Zander planner (Majercik & Littman,
2003) in the following manner. Zander finds the maximum pbilitg 4-horizon plan with a stochastic satisfiability
solver. By increasing incrementally, it is possible to find the optimal probalilif goal satisfactior for different
expected plan lengths. Unlike our approach, the conditiplaas generated by Zander require each plan branch is
lengthk. Thus, for the same, PON D may find lower expected length plans by virtue of removing #gtructural
assumption. In factPON D generates conditional plans as digraphs, where paths mvayhleéerogenous lengths.

The domains that we use for comparison with Zander includée€®&obot, GO-5, and Ship-Reject from Majercik
& Littman (2003). Noticing that these domains are small fia humber of states and actions, and the plan lengths),
we developed two domains: First-Responders and Grid. B@k5&Gnd First-Responders plans use loops in the
belief state space. The following table lists the numberaidks|A|, PropositiongP|, and observation®| in each
problem.



be multiple victims (of unknown health) that need to be edain the scene (with a lower probability of improvement)
or taken to the hospital by an ambulance (where their healtlimprove with high probability). There may also be

Problem [A] |P| |O]

Coffee Robot| 6 8 4
GO-5 5 6 5
Ship-Reject 4 5 2
FR1 82 29 22
FR2 116 45 28
FR3 200 54 42
Grid 5 20 2

The First-Responders domain is inspired by the planningired of dispatchers in disaster scenarios. There may

fires at several locations that fire trucks can extinguishthBioe and ambulances can report what they observe at a
location. The goal is to bring each victim to health and extish all fires. We use three instances: FR1 has two

fires, two victims, and four locations; FR2 has two fires, feigtims, and four locations; and FR3 has two fires, two

victims, and nine locations.

The Grid domain is an adaptation of the grid problem first dbed by Hyafil & Bacchus (2004) to include an

action with observations. Like the original domain, a ralsahoving about a 10x10 grid. The robot starts in the center

of the grid and must reach a given corner. Its actions mowvetheé intended direction with 0.8 probability and in an

adjacent direction with 0.1 probability. A sensory actidiowas the robot to perfectly sense the presence of a wall.

MOLAO*" MOLAO*" MOLAO*M
T T(s) E[C] PS DS TS| T(s) E[C] PS DS TS| T(s) E[C] PS DS TS
0.25] 3148 9.8 101.0 3.0 19.p 410 121 1652 148 20.p 145 120 426 1.2 138
— | 050|3527 19.1 185.0 13.0 24p 568 21.9 3352 31.8 31.0 309 225 858 44 17.0
1075|3702 256 277.0 25.0 270 621 26.8 4482 47.2 374 424 275 1602 100 20.8
0.95 - - - - -| 817 30.1 5336 658 31.81458 29.0 330.8 29.5 308
0.25 - - - - -] 291.9 155 4472 654 39p160.3 180 86.6 26 17.p
« | 0.50 - - - - -] 3186 263 469.4 534 3141309 247 1154 56 19.p
X075 - - - - -|1370.1 328 5854 778 3702319 31.1 2186 174 254
0.95 - - - - -| 4574 39.3 816.8 98.8 41p2922 375 373.0 350 30p
0.25 - - - - -[420.9 12.8 392.0 342 33p2528 150 69.0 18 15p
o« | 0.50 - - - - -|468.2 235 5533 50.0 3932650 27.0 1416 4.4 20.p
1075 - - - - - | 623.7 40.67 741.0 51.0 450459.2 35.3 248.0 13.0 264
0.95 - - - - -| 6246 39.2 8650 70.0 49. - - - - -
0.25 - - - - -] 323 108 212 0.0 6.8 21.7 132 198 0.0 6.
1050 - - - - -|356.7 194 1532 0.2 368 555 190 548 0.2 14.
O |0.75 - - - - -| 9545 236 5376 08 10481613 215 150.6 0.0 29.

Zander Domains: The plots in Figures 5 and 6 show results for the Coffee-Rdbot-5, and Ship-Reject domains.

Table 1:Results usingd OLAO*", MOLAO*", andMOLAO*"".

We compare Zander with/ OL AO* without a heuristic or randomized expansions by varyinguhlee of e for
approximate Pareto sets. Using thécLUG heuristic in these problems showed little improvement. flo¢legends

indicate the results foPON D by the value of. The total planning time in seconds is shown in Figure 5 aed th
expected plan length is shown in Figure 6 for several valdies @espitePON D not guaranteeing optimal plans,

it finds plans that are less than or equal to the expectedHesfgilans found by Zander (per the discussion above).
In terms of planning time, in most cas@© N D performs better than Zander aincreases (decreasing the size of

J-sets). Zander performs better in the Ship-RejectRBEV D and Zander plan costs are close, indicating that Zander
is better when are balanced tre¥) N D is able to capitalize on the plans that are unbalanced tnestér domains.

New Domains: Results for the First-Responders and Grid domain are shoWable 1. All the results are the average
of 5 runs. We compare three versions of the modifléd L. AO* where the superscript “r" corresponds to using
randomized expansions, and the superscript “h” corresptndsing the relaxed plan heuristic (instead of zero) for

heuristic points. In each version we use= 0.1 and 10 samples within eacMcLUG (Bryce, Kambhampati, &

Smith, 2006). We do not show results for the version of modifieOL AO*, used in the Zander domains, because
it was not able to solve any of the instances for any value.obDue to complications with encoding the domains



Figure 7:E[C] vs. T over time on FR1, using/ OLAO*".

in Zander’s input format, we do not report Zander results. aieect Zander to perform comparableMO L AO*
without heuristics. The table reports total time in secdfids)”, plan cost “E[C]", number of unique belief states in
the plan where an action is executed “PS”, number of belgéstwith more than one parentin the plan “DS”, and the
number of terminal belief states “TS” .

We see that the probabilistic conformant planning graphikgcidoes indeed improve scalability, as we hoped.
MOLAO*" is only able to solve the smallest First-Responder instaace 0.75 probability of goal satisfaction.
However, using the heuristic i OLAO*" and M OLAO*"" allows PON D to solve every instance to a high level
of probability. While the expected cost is slightly bettatheut using the heuristic, we see the benefit of using an
inadmissible, but informative heuristic. In the instansguiring the heuristic, the number of plan belief state3) (B
quite large, testifying to the scale of the plans. The nurolbptan belief states with more than one parent (DS) shows
the benefit of using/ O L AO* to find more compact digraph plans. The number of terminatbstates (TS) attests
to the number of branches in the plans (modulo the numberltzfpsed branches, captured by DS).

While we are interested in solving the conditional prokiatid planning problem, we can also find Pareto sets of
plans. Figure 7 shows the Pareto setifppover time (after each iteration ExpandPl an) in the FR1 domain while
using M OLAO*". Each line represents a solution satisfying the goal withitidicated probability and cost. The
set of feasible plans steadily increase the probabilityoafl gatisfaction over time, suggesting h&hO L AO* can be
used in an anytime fashion to find a Pareto set of plans.

7 Limited Contingency Planning

Limited contingency planning involves bounding the nunddgrlan branches to make plans more human-understandable
and compact (Meuleau & Smith, 2003). Meuleau & Smith forrnei#acontingency problems as a POMDP where they
embed the number of contingencies as a state feature andincalpges of the state space. Executing a sensory action
transitions the state to a logically equivalent state whkeege are fewer available contingencies. A sensory action
cannot be executed in states where it introduces more tlesavtiilable number of contingencies. The grid problem,
which has 100 reachable state$’(tal states), could be encoded as a POMDP with(201) states. However, this
problem proved difficult for a POMDP solver whén= 1 (Hyafil & Bacchus, 2004), making it doubtful that it could
scale withk.

In MOLAO*, we can trade this state space explosion for a third obgegtifs, ). The objective is computed
asqa(s,a) = D gcsr(sasn>09(ssa’) andga(s, L) = 1. We can identify plans witlk or less branches when
q2(s1,a) < k. Furthermore, we can prune a poirs, a) at any time ifgz(s,a) > k because its sub-plan already
exceeds the number of contingencies. We initialize all istarpoints asy (s, *) = 1 because all plans have at least
one contingency. While the number of contingencies can ba as an objective, we assume that all numbers of
contingencies less thanare equally preferred and use the objective as a hard corigtraplan feasibility rather than
optimization.

Table 2 presents results from the Grid domain, where we Varyrtaximum number of branchésallowable in
a feasible plan. As we can se®,0LAO*" scales reasonably well with. Using k as a pruning condition greatly
improves time to find a plan compared to the unbounded case.
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7=0.25 7=05 7=0.75
k T(S)E[C] TS| T(s)E[C] TS| T(s)E[C] TS
20 110.4 10.71.0] 11.9 13.7 1.0l 14.118.0 1.0
2! | 16.2 10.91.5 21.8 15.0 1.2| 25.8 20.5 1.0
22 1209 11.11.5 26,5 13.6 2.0 46.519.4 1.7
2% | 19.1 11.13.0| 35.3 14.7 3.7 73.0 20.6 3.0
26 | 43.8 16.32.8| 77.8 23.410.6 110.5 24.9 9.8
29 | 56.4 17.03.8| 47.7 23.2 5.4 2455 29.143.0
212 | 52,7 18.74.4] 69.2 27.1 9.8 146.9 30.8 23.6

Table 2:Limited contingencyM OLAO*" on Grid.

8 Reated Work

Our formulation of conditional probabilistic planning isded on existing work techniques for vector-valued MDPs
(Henig, 1983). We define cost, probability of goal satigtattand number of branches as values optimized in the
MDP. Where previous work concentrates on value iteratianexmtend the more appropriatelO* algorithm to deal
with multiple objectives.

As mentioned earlier, there are several techniques fotirgplvonditional probabilistic planning. Earliest work
(Draper, Hanks, & Weld, 1994; Onder, 1999) used partial opEnning techniques to find feasible plans (ignoring
plan cost). In parallel, work on single objective MDPs andVR@Ps (surveyed by Boutilier, Dean, & Hanks (1999))
were developed to find cost optimal plans (using penaltiesifo satisfying the goal). More recently, Majercik &
Littman (2003) formulated the problem as stochastic satigfty to find the optimal probability of goal satisfaction
for finite horizon plans. None of the previous works use rehdhy heuristics to guide plan synthesis and hence have
concentrated on relatively small problems.

9 Conclusion

We have shown that embracing the multi-objective natureralbgbilistic planning allows us to overcome restrictive
assumptions made in single objective formulations. It glises us a richer notion of conditional plans: providing
a Pareto set of plans (and sub-plans) to the plan executodintes additional “choice” contingencies to the set of
nature selected “chance” contingencies. These benefits angreater combinatorial overhead, but are offset-by
domination techniques for Pareto set approximation. Eurthecause our formulation uses cost as an optimization
criterion, we can make use of effective planning graph rehitity heuristics that estimate plan cost. We have also
shown that additional objectives, such as the number of pianches in limited contingency planning, are easily
integrated within our framework.

Future work will include a more formal analysis of theéO L AO* search algorithm and alternative representations
and algorithms for computing Pareto sets.
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